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Abstract
We show that ideal-length defines a length function on almost-Noetherian integral domains. This
length function is a sum of multiplicities and in favourable cases, a linear combination on N of
discrete valuations. As a consequence, Σ1-Noetherian domains have length functions. Infra-Krull
domains are weakly Krull almost-Noetherian domains. We characterize these integral domains and
establish their properties, placing emphasis on integral closures and length functions. Descent proper-
ties are shown. Applications to the computation of elasticities and factorization properties are given.
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1. Introduction and notation
In this paper, rings are commutative and unital. A local ring is a ring with a unique max-
imal ideal. We first explain the meaning of the title because it sounds like a play on words.
To this end, we introduce two concepts. One of them is the theory of length functions
recently developed for studying nonunique factorization in integral domains. The other
concerns ideal-lengths, an old concept introduced by Zariski and Samuel in their book [54,
Chapter IV, Section 13]. For an integral domain R, we denote by R∗ the set of its nonzero
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and by R′ the integral closure of R. The residue field RP /PRP at P ∈ Spec(R) is denoted
by k(P ). Moreover, N and Z are respectively the set of all nonnegative integers and the
set of all integers. In [2], D.D. Anderson and D.F. Anderson call a function f :R∗ → Z a
length function if f satisfies (i) and (ii), where:
(i) f (xy) = f (x)+ f (y) for all x, y ∈ R∗;
(ii) f (x) = 0 if and only if x ∈ U(R).
We will only consider length functions f such that f (R∗) ⊆ N.
An atomic domain is an integral domain R such that each element of R \ ♥(R) is a
product of finitely many irreducible elements (or atoms). If R is a UFD or more generally
a half-factorial domain (HFD) (R is atomic and whenever x1 . . . xn = y1 . . . ym with each
xi, yj ∈ R irreducible, then n = m), we denote by l(x) the length of a factorization of an
element x ∈ R \♥(R) into a product of atoms. Then l is a length function on an HFD. If an
atomic domain is not an HFD, the existence of a length function allows one to measure the
lack of unique factorization. For a better understanding, the notion of elasticity is relevant.
For an atomic domain R, the elasticity of x ∈ R \♥(R) is ρ(x) = supL(x)/infL(x), where
L(x) ⊆ N∗ is the set of lengths of factorizations of x into atoms. Then the elasticity ρ(R) of
R is sup{ρ(x) | x ∈ R \ ♥(R)}. The reader may consult for instance Andersons papers [2]
and [10] for references and results on the subject. These authors get upper bounds for the
elasticity of some classes of atomic domains endowed with length functions. Notice that
if a length function f exists on an integral domain R, then R satisfies the ascending chain
condition on principal ideals (ACCP), whence is atomic, and R is a bounded factorization
domain (BFD), which means that L(x) has an upper bound for each x ∈ R \♥(R) (clearly,
f (x)) [22, Proposition 1.9]. Now, let R be a commutative ring and M an R-module. We
denote by LR(M) the (finite or infinite) length of the R-module M , while L(R) is the
length of the R-module R (i.e., the length of the ring R). We need a bigger ring than the
total quotient ring Tot(R) of R. If Min(R) is the set of all minimal prime ideals of R,
then MTot(R) := RS , where S is the set complement of ⋃[M | M ∈ Min(R)]. For an ideal
I of R, the ideal-length of I is λ(I) := L(MTot(R/I)). Notice that in general λ(I) =
LR(MTot(R/I)) (an unfortunate sentence in [54, Chapter IV, Section 13] may suggest the
contrary). Hence, the definition of the ideal-length given in [54] is extended, and the subject
of a paper by Beachy and Weakley is mainly the characterization and properties of rings,
whose each ideal I has finite ideal-length (i.e., λ(I) is finite), the so-called FIL rings [13].
We recall at the end of the section their main results needed in the paper. We next define a
function R (or , if the context is clear) on an integral domain R by setting (x) := λ(Rx)
for x ∈ R∗. One part of this paper is devoted to the characterization of classes of integral
domains on which  is a length function, another part to its computation in favourable cases
and lastly, we use  for determining elasticities in some classes of integral domains. We can
now explain our motivation, at least in the case of a one-dimensional Noetherian integral
domain R, because of the additivity property of multiplicities of ideals in R. This result was
proved by the second-named author [43]. More precisely, for each nonzero ideal I of R, we
have L(R/In) = e(I )n − ρ(I) for large positive integers n, the so-called Hilbert–Samuel
polynomial. The integers e(I ) and ρ(I) are respectively the multiplicity and reduction of
the ideal I . Moreover, the multiplicity function e satisfies e(IJ ) = e(I ) + e(J ) for two
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result, but for arbitrary local Noetherian rings (R,M) and M-primary ideals. In view of
[54, Theorem 27, p. 236], we have L(R/J ) = λ(J ) for each nonzero ideal J of R. In
this case, e(I ) = 1 ⇔ I ∈ Max(R) and I is invertible [43, Proposition 3.11]. Therefore,
we have (x) = e(Rx) for x ∈ R∗, and  is a length function on any one-dimensional
Noetherian integral domain. Actually, we will show that we can reduce our study to the
above case. For the definition of  to be useful, we need to know when the ideal-length
of each nonzero principal ideal is finite. The class of FIL rings is too small to be useful,
because it does not contain atomic domains of general interest. The aim of Section 2 is to
introduce a sufficiently general class of integral domains for which  is a length function.
A paper by Krull defines almost-Noetherian domains [32]. This class will be shown to be
ad hoc. As usual, we set X(1)(R) := {P ∈ Spec(R) | ht(P ) = 1}, the set of all height-one
prime ideals of an integral domain R. An integral domain R is called almost-Noetherian
if RP is Noetherian for each P ∈ X(1)(R) and the set of minimal prime ideals of Rx is a
finite subset of X(1)(R) for each x ∈ R \♥(R). Obviously, a Noetherian domain is almost-
Noetherian. Our first theorem states that an integral domain R is almost-Noetherian if and
only if  is a length function and R is a PIT domain, that is, satisfies the conclusion of the
Principal Ideal Theorem. In particular, an almost-Noetherian domain is atomic and a BFD,
as well as each of its localizations at prime ideals. Moreover,  can be computed with the
help of the multiplicities eP defined on each RP for P ∈ X(1)(R). More precisely, we have
 =∑[eP | P ∈ X(1)(R)]. Prime elements x of R are characterized by (x) = 1. Hence, 
does not detect atoms. In fact, examples given in the last section show that  may have any
value for atoms. We show that an almost-Noetherian domain need not be integrally closed,
even if RP is integrally closed for each P ∈ X(1)(R). Consequently, an almost-Noetherian
domain does not in general have a representation R =⋂[RP | P ∈ X(1)(R)]. But in the
integrally-closed case, we can replace the multiplicities eP with the discrete valuations vP
on RP . We now come back to the class of FIL domains. Although a Gilmer discrete valua-
tion domain R with Krull dimension  3 is a FIL domain,  is no longer a length function
on R. Thus we need to add some extra hypotheses for  to be a length function on a FIL
domain. We examine the extreme situation of Q-domains defined by Anderson and Ma-
haney [6] (rings in which each ideal is a product of finitely many primary ideals). We first
characterize FIL Q-domains, showing that these domains are necessarily Noetherian with
Krull dimension  2. The one-dimensional case is already known. If the Krull dimension
is 2, R is an integrally closed FIL Q-domain if and only if R is Noetherian and locally fac-
torial, and then  is the sum of the discrete valuations vP . In particular, a two-dimensional
regular domain is a FIL Q-domain. But at this stage, a new class of domains appears.
It plays an important role in factorization theory. An integral domain R is called weakly
Krull if R =⋂[RP | P ∈ X(1)(R)], and this representation is of finite character (see [4,
9]). And in fact, a FIL Q-domain is weakly Krull and Noetherian. This is an introduction
to the next section, where weakly Krull almost-Noetherian domains are considered under
the name of infra-Krull domains. Before that, we will consider length functions kindred
to . Their principal virtue is in handling representations, whose components are not one-
dimensional. In his thesis P. Samuel defines degree functions on local Noetherian domains
with dimension d > 1. D. Rees generalized Samuel’s work in [51], where the reader may
find references and results. A local Noetherian domain A, whose dimension is > 1, admits
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ear combination over N of finitely many discrete valuations. Next, we consider an inte-
gral domain R admitting a representation of finite character R =⋂[RP | P ∈ X], where
X ⊂ Spec(R) and RP is Noetherian for P ∈ X (this holds if R is Noetherian). If δP is the
degree function of RP , we get a length function δX =∑[δP | P ∈ X \X(1)(R)] +∑[eP |
P ∈ X∩X(1)(R)]. Such a ring is a Mori domain [17, Proposition 3.2]; so it satisfies ACCP
and is therefore atomic. But the existence of a length function brings more information,
and shows that R is a BFD. We think that a deeper study of this situation should be in-
teresting, but this is not the subject of the paper. In Section 3, we characterize infra-Krull
domains. They were introduced by Martin and Zafrullah [34]. An integral domain R is
called infra-Krull if R is weakly Krull and RP is Noetherian for each P ∈ X(1)(R). As-
sume that an integral domain R is weakly Krull, then R is infra-Krull if and only if  is
a length function, or equivalently, R is almost-Noetherian. Another equivalent condition
comes from the ∗-operation associated to the representation of a weakly Krull domain [1].
Then R is infra-Krull amounts to saying that R satisfies ACC on integral ∗-ideals. Now
if we assume that an integral domain R is almost-Noetherian, then R is infra-Krull is log-
ically equivalent to each grade 1 prime ideal has height one. There are other equivalent
conditions. An infra-Krull domain R is clearly a Mori domain. To get the converse, we add
the following conditions: RP is Noetherian for each P ∈ X(1)(R) and each nonzero prime
t-ideal has height one (we consider here the ∗-operation t defined in [1]). A class of inter-
est is the class of weakly factorial domains R in which each x ∈ R \ ♥(R) is a (unique)
product of finitely many primary elements associated to distinct prime ideals. A weakly
factorial domain R is infra-Krull (or equivalently,  is a length function) if and only if
RP is Noetherian for each P ∈ X(1)(R). Section 4 is concerned with the transfer of the
“infra-Krull” property. We first show that this property is stable under the formation of
polynomial rings. Moreover, R[X] and R coincide on R if R is infra-Krull. The ascent of
this property by integral extensions does not seem to be so nice. Luckily, we get two results
that will prove to be sufficient for applications in the next section. Let R be an infra-Krull
domain such that R → R′ is finite, ht(P ′ ∩R) 1 for each P ′ ∈ X(1)(R′), and R′ is a Krull
domain. Then R′ =∑[vP ′ | P ′ ∈ X(1)(R′)], where vP ′ is the normalized valuation on R′P ′
for each P ′ ∈ X(1)(R′). Setting
w =
∑[[
k(P ′) : k(P ′ ∩R)]vP ′
∣∣ P ′ ∈ X(1)(R′)],
we get a length function on R′ such that R′ w and R = w|R . Actually, there is a more
general result in the almost-Noetherian context. Now if R ⊆ S is a root extension, where
R is an infra-Krull domain and S is a Krull domain with torsion divisor class group, then
we get a result similar to the preceding. If, in addition, R → S is finite, we have exactly
the same value as above for R . This result applies to one-dimensional generalized Cohen–
Kaplansky domains (atomic domains with almost all atoms prime) [4]. We show that the
“almost-Noetherian,” the “weakly Krull,” and the “infra-Krull” properties are descended
by faithfully flat morphisms R → S. Moreover, S(x) is a linear combination on N of mul-
tiplicities eP (x), where P ∈ X(1)(R), for x ∈ R \ ♥(R), and S(x) R(x). This section
ends by studying the transfer of the “infra-Krull” property to a composite ring A+XB[X]
associated to an extension of integral domains A ⊆ B . Some conditions are needed, and
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tions related to elasticity. Let R be an almost-Noetherian domain. We set M∗ = sup{(x)}
and m∗ = inf{(x)}, where x varies over the set of all nonprime atoms. Using results of An-
dersons [2], we get that ρ(R)M∗/m∗ and ρ(R) |Clt (R)| sup{ρ(RP ) | P ∈ X(1)(R)}
if R is infra-Krull. We show that ρ(R) = M∗/m∗ when R is either a local non-integrally
closed CK domain or a non-integrally closed weakly factorial quadratic order. The equation
ρ(R) = M∗/m∗ is not satisfied for arbitrary nonlocal weakly factorial domains. Indeed,
we exhibit an example in the universe of orders, namely in a cubic field. Next, we give a
complete proof of a counterexample of a conjecture stated in [2] which asserts that
ρ(R)max
{∣∣Clt (R)
∣∣/2,1
}
sup
{
ρ(RP ) | P ∈ X(1)(R)
}
when R is an arbitrary atomic weakly Krull domain. Two other counterexamples are given
in [10, p. 19] and [25, Example, p. 384]. We present also a study of the values of (x) when
x is a nonprime atom. We note here that Halter–Koch got kindred results on elasticity [25,
26], but since the length functions used in these papers are not the same as ours, they are
quite different.
Here is some notation. For an ideal I of a ring R, we set VR(I) := {P ∈ Spec(R) |
I ⊆ P }, DR(I) is its set complement (subscripts R may be dropped if the situation is clear),
and MV(I ) is the set of all minimal elements of V(I ). Note that MTot(R/I)  RS(I )/
IRS(I ), where S(I ) is the set complement of
⋃[P | P ∈ MV(I )]. We now recall some
results from [13,54], and add some others which are useful for the paper. An ideal I has
finite ideal-length if λ(I) is finite. This last condition amounts to saying that MTot(R/I) is
an Artinian ring. In this case, MV(I ) is finite, that is, I has FC (finitely many components).
Proposition 1.1 [13, Proposition 1.3]. The following conditions on an ideal I of a ring R
are equivalent:
(1) λ(I) is finite;
(2) MV(I ) is finite and the ring RP /IRP is Artinian (respectively Noetherian) for each
P ∈ MV(I ).
In this case, λ(I) =∑[λ(IP ) | P ∈ MV(I )] and λ(IP ) = L(RP /IRP ) = LRP (RP /IRP )
for each P ∈ MV(I ).
Statement (2), with the Noetherian condition, does not appear in [13], but is clear be-
cause a ring R is Artinian if and only if R is Noetherian and Spec(R) = Max(R).
Remark 1.2. Let R be a ring.
(a) If Q is a P -primary ideal, then λ(Q) = λ(QP ). Moreover, if λ(Q) is finite, then λ(Q)
is the supremum of positive integers r such that there exists a strictly descending chain
of P -primary ideals P = Q1 ⊃ Q2 ⊃ · · · ⊃ Qr = Q [54, Theorem 26, p. 235]. In
particular, if Q1 and Q2 are P -primary ideals with finite ideal-lengths, then Q1 ⊂ Q2
implies λ(Q2) λ(Q1).
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position I = Q1 ∩ · · · ∩Qn ∩ · · · ∩Qm, where Qi is Pi -primary and P1, . . . ,Pn are its
isolated associated prime ideals, then Qi has a finite ideal-length for i = 1, . . . , n, and
λ(I) =∑ni=1 λ(Qi). Hence we recover [54, Theorem 25, p. 234].
(c) If I and J are coprime ideals of R with finite ideal-lengths, then λ(IJ ) = λ(I ∩ J ) =
λ(I)+ λ(J ). To see this, first observe that MV(IJ ) = MV(I )∪ MV(J ) and MV(I )∩
MV(J ) = ∅. Then it is enough to apply [13, Proposition 1.2].
(d) Assume that R is an integral domain. If I and J are ideals of R with finite ideal-
lengths, such that either I or J is locally principal (for instance, either a multiplication
ideal or an invertible ideal) and MV(I ) = MV(J ), then λ(IJ ) = λ(I)+ λ(J ). Indeed,
in this case we have MV(IJ ) = MV(I ). To conclude, assume that J is locally principal
and for P ∈ MV(I ), use the RP -isomorphisms (RP /IP JP )/(JP /IP JP )  RP /JP and
JP /IP JP  RP /IP .
(e) Let I be an ideal of R. Then λ(I) = 0 is equivalent to I = R. Indeed, MTot(R/I) = 0
holds if and only if S(I)∩ I = ∅.
Actually, using MTot(R/I) instead of Tot(R/I) comes from the idea of ruling out
imbedded components. We can in fact change the ideal I to a bigger one J such that
λ(I) = L(Tot(R/J )).
Remark. Let R be a ring and I an ideal such that λ(I) is finite. Then there exists an
ideal J ⊇ I such that MV(I ) = MV(J ), J has an irredundant primary decomposition
without imbedded components, and λ(I) = λ(J ) = L(Tot(R/J )). Indeed, set MV(I ) =
{P1, . . . ,Pn}. As T := MTot(R/I) is Artinian, there is a primary decomposition (0) =
Q1 ∩ · · · ∩ Qn in T , where each Qi is a PiT -primary ideal. Taking the inverse image of
this equation in R, we get an ideal J which has an irredundant primary decomposition,
with incomparable associated prime ideals P1, . . . ,Pn. Actually, J is the saturation of the
ideal I , with respect to the multiplicative subset S := R \ (P1 ∪ · · · ∪ Pn); thus I ⊆ J .
Moreover, from JS = IS , we deduce that MTot(R/I) = RS/IS = RS/JS = Tot(R/J ).
2. Length functions on almost-Noetherian domains
We first give some generalities about length functions on integral domains. Let R be
an integral domain and X ⊆ Spec(R). Suppose that each x ∈ R \ ♥(R) belongs to at least
one element of X and at most to finitely many elements of X. If, in addition, RP has
a length function fP for each P ∈ X, then ∑[fP | P ∈ X] is a length function on R.
This situation occurs when R has a representation of finite character on X ⊆ Spec(R),
whose definition follows. Setting RX =⋂[RP | P ∈ X], we say that R has a representa-
tion (on X) if R = RX . This representation is of finite character if each x ∈ R \ ♥(R)
belongs to only finitely many elements of X. An example is provided by a Krull do-
main R. Denote by X(1)(R) or X(1) the set of all height-one prime ideals of an integral
domain R and set R(1) := RX(1) . If R is a Krull domain, then R = R(1) is a representa-
tion of finite character, the rings RP are DVR’s for P ∈ X(1), and their valuations vP are
length functions. Hence vR :=∑[vP | P ∈ X(1)] is a length function. For x ∈ R∗, we get
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velop below using ideal-lengths on an integral domain R. We recall that (x) = λ(Rx)
for x ∈ R∗. Therefore, in case (x) is finite for each x ∈ R∗, our task will be to find
conditions on R for  :R∗ → N to be a length function. The class of almost-Noetherian
domains is a suitable context. Krull called an integral domain R almost-Noetherian if
RP is Noetherian for each P ∈ X(1)(R) and MV(Rx) is a finite subset of X(1)(R) for
each x ∈ R \ ♥(R) (see for instance [29, p. 147] and [32]). Equivalently, R is almost-
Noetherian if each x ∈ R \ ♥(R) lies in at least one and at most a finite number of
height-one prime ideals, and Rx has a primary decomposition for such an x. We remark
here that the “almost-Noetherian” property is stable under the formation of localizations at
prime ideals. Obviously, Noetherian domains and UFDs are almost-Noetherian. Let R be
an almost-Noetherian domain, P ∈ X(1)(R), and x ∈ R∗. Then RP is a one-dimensional
Noetherian domain. As we already saw in Section 1, the multiplicity e(I ) of a nonzero
ideal I of RP is defined. Moreover, the equation e(I ) = L(RP /I) holds if I is invertible
[43, Proposition 3.11(b)]. We set eP (x) := e(xRP ) = L(RP /xRP ) = λ(xRP ). An inte-
gral domain R is called a PIT domain (an integral domain satisfying the conclusion of
the Principal Ideal Theorem) if each prime ideal, belonging to MV(a) for some a ∈ R∗,
is a height-one prime ideal. Almost-Noetherian domains and Krull domains are PIT do-
mains. The reader may look at the paper by Barucci et al. [12] for more information. For a
ring R, we set FL(R) = {x ∈ R∗ | λ(Rx) < ∞}. Recall that λ(Rx) = 0 ⇔ x ∈ U(R). The
next theorem generalizes [3, Proposition 2.2], which states that a Noetherian domain or a
Krull domain is a BFD. The proof is quite different, because we exhibit a canonical length
function (see Section 1). Moreover, we get that almost-Noetherian domains form a class
of BFDs, whose localizations at prime ideals are still BFDs, contrary to arbitrary BFDs [4,
Example 2.7]. A similar method used at the end of the section will prove that another class
of integral domains, related to the Noetherian property, has the BFD property.
Theorem 2.1. Let R be an integral domain. The following statements are equivalent:
(1) FL(R) = R∗ and R is a PIT domain;
(2) R is almost-Noetherian.
If R is almost-Noetherian, the following statements hold:
(a)  is a length function and  =∑[ep | P ∈ X(1)(R)].
(b) R satisfies ACCP and is a BFD.
Proof. We first show that (1) ⇒ (2). In view of [13, Proposition 1.2], a principal ideal Rx,
where x ∈ R \ ♥(R), has finite ideal-length if and only if MV(Rx) is finite and the rings
RP /xRP are Artinian for each P ∈ MV(Rx). This implies that MV(Rx) is a finite subset
of X(1)(R) since R is a PIT domain. Hence RP /xRP is Artinian if and only if this ring
is Noetherian. Next assume that each ring RP /xRP is Noetherian for each P ∈ MV(Rx),
where x = 0, and let P ∈ X(1)(R). Then RP /yRP is Noetherian for each nonzero y ∈ P .
It follows that RP is Noetherian, because a ring A is Noetherian if and only if A/Aa is
Noetherian for each nonzero element a ∈ A. The above considerations show that (2) ⇒ (1).
568 G. Picavet, M. Picavet-L’Hermitte / Journal of Algebra 293 (2005) 561–594In view of [13, Proposition 1.2], we have λ(Rx) =∑[λ(RP x) | P ∈ X(1)(R)] since this
sum has finitely many nonzero terms, because MV(Rx) is a finite subset of X(1)(R). As
explained above, λ(RP x) = eP (x). Since we have e(IJ ) = e(I ) + e(J ) for each pair of
nonzero ideals I, J of a one-dimensional Noetherian integral domain [43, Théorème 3.19],
we get (xy) = (x) + (y) for x, y ∈ R∗. We know that (x) = 0 ⇔ x ∈ U(R). Thus R
satisfies ACCP and is a BFD [22, Proposition 1.9]. 
Remark. If Q is the length function on the almost-Noetherian domain RQ, where Q ∈
Spec(R) \ {0}, then Q(x) =∑[eP (x) | P ∈ X(1)(R) and P ⊆ Q] for x ∈ R∗. Recall that
a nonzero element x of an integral domain is called prime (primary) if Rx is a prime
(primary) ideal of R.
Corollary 2.2. Let R be an almost-Noetherian domain. The following properties hold:
(1) R satisfies ACC on P -primary ideals for P ∈ X(1)(R).
(2) If x ∈ R \ ♥(R) with primary decomposition Rx = Q1 ∩ · · · ∩ Qn, where √Qi = Pi ,
then (x) =∑[λ(Qi) | ht(Pi) = 1]. Moreover, for each Qi , with Pi ∈ X(1)(R), then
λ(Qi) = ePi (x) is the supremum of positive integers r such that there exists a strictly
descending chain of Pi -primary ideals Pi = S1 ⊃ S2 ⊃ · · · ⊃ Sr = Qi .
(3) The prime elements x of R are characterized by (x) = 1.
(4) If x is a P -primary element of R, then (x) = P (x).
Proof. Let Q ⊆ Q1 ⊆ · · · ⊆ Qn ⊆ · · · be an ascending chain of P -primary ideals, where
P ∈ X(1)(R). First observe that RP is almost-Noetherian. Hence, each principal ideal of
RP has finite ideal-length. Let a ∈ Q ⊂ P . Localizing at P , we get that RP a ⊆ RPQ ⊆
RPQ1 ⊆ · · · is an ascending chain of primary ideals which stops, since RP a has a finite
ideal-length (see Remark 1.2(a)). It follows that Q ⊆ Q1 ⊆ · · · stops. This proves (1). Then
(2) is a consequence of Remarks 1.2(a), (b). Let x ∈ R \ ♥(R) be such that (x) = 1 and
Rx = Q1 ∩ · · · ∩Qn be its primary decomposition. As (x) =∑[λ(Qi) | ht(Pi) = 1] n,
we see that Q := Rx is a P -primary ideal and L(RP /xRP ) = 1. It follows that QRP =
PRP ; so that P = Rx and x is a prime element. Conversely, (x) = 1 if x is a prime
element. 
Hence,  does not identify atoms of an almost-Noetherian domain R. If we assume that
(x) = 1 for each atom x of R, we get that each atom is prime, and in this case, R is
a UFD. A UFD is clearly an almost-Noetherian domain. We can consider the classical
length function l by setting l(x) equal to the number of atoms (with their multiplicities)
appearing in a factorization of x. It is easy to show that l = . Conversely, if l =  on an
almost-Noetherian domain, then (x) = 1 for each atom x of R. Thus, each atom is prime,
and in this case, R is a UFD. We say that an integral domain R is X(1)-integrally-closed
if RP is integrally closed for each P ∈ X(1)(R). Notice that when R = R(1), then R is
integrally closed if and only if R is X(1)-integrally-closed. The following example is due
to J. Coykendall. It was communicated to us by M. Zafrullah. It exhibits an X(1)-integrally-
closed Noetherian domain R, which is not integrally closed. We show also that R → R′ is
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may not have a representation on X(1).
Example 2.3. Let X,Y be indeterminates over a field K , and set R := K[X2,X3,XY,XY 2,
X2Y,Y 2, Y 3]. The integral closure of the Noetherian integral domain R is R′ := K[X,Y ].
Denote by I the conductor ideal of R → R′, then I = (X2,X3,XY,XY 2,X2Y,Y 2, Y 3)
in R and is a maximal ideal of R while I = (X,Y )2 in R′. It follows that a height-one
prime ideal of R cannot contain I , because R is 2-dimensional, R is a K-algebra of fi-
nite type over the field K , and is an integral domain. Let P be a height-one prime ideal
of R. By a well-known property of conductor ideals, there is a (unique) prime ideal P ′
of R′ such that RP  R′P ′ , because I ⊆ P . It follows that RP is a DVR. Now con-
sider the ring morphism ϕ :R → R′ and two ring morphisms f,g :R′ → S, where S is
a reduced ring, and such that f|R = g|R . We get that f (X)2 = g(X)2, f (Y )2 = g(Y )2,
f (X)3 = g(X)3, and f (Y )3 = g(Y )3. Now if u,v are elements of a reduced ring such
that u2 = v2 and u3 = v3, then u = v. It follows that f = g. Next consider the natural
morphisms j1, j2 :R′ → R′ ⊗R R′ defined by j1(x) = x ⊗ 1 and j2(x) = 1 ⊗ x. The above
remarks show that j1(x) − j2(x) ∈ Nil(R′ ⊗R R′) for each x ∈ R′. The kernel of the sur-
jective co-diagonal morphism R′ ⊗R R′ → R′ is generated by the elements j1(x)− j2(x),
where x varies over R′. It follows easily that Spec(R′) → Spec(R′ ⊗R R′) is surjective. In
view of [23, Proposition 3.7.1, p. 246], ϕ is a radicial morphism, which means in particular
that ϕ is universally injective on the spectra. As ϕ is universally closed, because ϕ is an
integral morphism, we get that R → R′ is a universal homeomorphism.
Proposition 2.4. Let R be an X(1)-integrally-closed almost-Noetherian domain. Then
RP is a DVR with normalized valuation vP for each P ∈ X(1)(R) and  = ∑[vP |
P ∈ X(1)(R)].
Proof. Clearly, each RP is a local Dedekind domain for P ∈ X(1)(R). Then from eP (x) =
L(RP /xRP ), we deduce that eP (x) = vP (x). 
The most favorable context seems to be when each ideal of a ring has finite ideal-
length, a situation discussed by Beachy and Weakley [13]. Such a ring R is called a FIL
ring (or is said to have finite ideal-length) by these authors. Examples of FIL rings are
exhibited in [13]. For instance, the “FIL ring” property is preserved by the formation of
factor rings and by localization. A Noetherian ring is FIL, as well as a Gilmer discrete
valuation ring (V ,M) (a valuation ring in which all primary ideals are a power of a prime
ideal) [13, Proposition 2.8]. A FIL ring R is called piecewise Noetherian in [13] if, in
addition, R has ACC on prime ideals. Then R is piecewise Noetherian if and only if R[X]
is FIL (respectively piecewise Noetherian) [13, Theorem 3.4]. But  is not necessarily a
length function on a FIL domain. For instance, consider a Gilmer discrete valuation ring
(V ,M) with finite Krull dimension  3. Let P ⊂ M be a prime ideal of V . It follows
from [19, Proposition 5.3.1 and Corollary 5.3.4], that the maximal ideal M = V a for some
a ∈ V , and that PVP = bVP for some b ∈ P . We get
(a) = L(k(M))= 1 and (b) = L(k(P ))= 1.
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PVP = QVP , a contradiction. Then (ab) = L(VP /abVP ) = L(VP /bVP ) = 1 entails that
(ab) = (a) + (b). Therefore, for  to be a length function on a FIL domain, we need
some extra hypotheses. To this end, we next study an extreme situation, the case of a FIL
domain, whose ideals are products of primary ideals. Anderson and Mahaney define a
Q-ring as a ring in which each ideal is a product of finitely many primary ideals [6]. Each
nonzero ideal of a Q-ring is the unique product of primary ideals obtained for the reduced
primary decomposition. We will see that among FIL Q-domains, there are one-dimensional
Noetherian domains. We intend to show that, on one hand,  is a length function on FIL
Q-domains, and on the other hand, λ is not a length function on the set of ideals in the
following sense. Let R be an integral domain and I(R) the set all its nonzero ideals. We
say that a map f :I(R) → N is a length function on ideals if f (IJ ) = f (I) + f (J ) for
each I, J ∈ I(R), and f (I) = 0 ⇔ I = R.
Proposition 2.5. Let R be an integral domain. Then R is a FIL Q-domain if and only if R
is Noetherian and every nonmaximal prime ideal is invertible. In this case, Dim(R)  2,
and each invertible primary ideal Q satisfies ht(√Q) = 1.
Proof. If R is a Q-domain, R is Laskerian, and every nonmaximal prime ideal is finitely
generated and locally principal [6, Theorem 13]. But a FIL Laskerian domain is Noetherian
[13, Theorem 1.8]. The converse is clear by [6, Theorem 13]. Now [6, Lemma 7] asserts
that Dim(R) 2 for a Q-domain R. Let Q be an invertible P -primary ideal. Assume that
ht(P ) = 2, then A := RP is a two-dimensional local Q-ring with maximal ideal M , and is
therefore a UFD by [6, Corollary 6]. Then QA is a principal ideal, whose radical is M . As
A is a UFD, M is a principal prime; so that ht(M) = 1, a contradiction. 
An integral domain R is called weakly Krull if R = ⋂[RP | P ∈ X(1)(R)], and the
family {RP | P ∈ X(1)(R)} is of finite character (see [4] and [9, Theorem 3.1]). Moreover,
the weakly Krull domains are exactly the integral domains such that for each x ∈ R \♥(R),
the ideal Rx has a primary decomposition Q1 ∩ · · · ∩Qn, where each √Qi is a height-one
prime ideal [9, Theorem 3.1]. The next result is an introduction to the following section,
where almost-Noetherian weakly Krull domains are studied.
Proposition 2.6. A FIL Q-domain R is a Noetherian weakly Krull domain.
Proof. Let x ∈ R \ ♥(R), then Rx = Q1 . . .Qn, a product of invertible primary ideals.
Thanks to Proposition 2.5, each
√
Qi is a height-one prime ideal. Moreover, Rx = Q1 ∩
· · · ∩Qn [7, Corollary 5]. Hence, R is a weakly Krull domain. 
Since FIL Q-domains are Noetherian,  is a length function on these domains. As the
Krull dimension varies from 0 to 2, we examine three cases. If Dim(R) = 0, then R is a
FIL Q-domain if and only if R is a field. In this case,  = 0.
Proposition 2.7. Let R be a one-dimensional integral domain.
(1) R is a FIL Q-domain if and only if R is Noetherian, or equivalently, R is almost-
Noetherian. In this case,  satisfies (a) = e(Ra) for each a ∈ R∗.
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Proof. If R is a one-dimensional integral domain, R is a FIL Q-domain amounts to saying
that R is Noetherian by Proposition 2.5. Now observe that L(R/I) = e(I ) is equivalent to
the invertibility of I [43, Proposition 3.11(b)]. The proof is complete since λ(I) = L(R/I)
by an above recall on multiplicities. (2) is clear. 
Actually λ is not a length function on the set of ideals of a non-integrally closed one-
dimensional FIL Q-domain. Assume the contrary, and let I be a non-invertible ideal of R,
then for large integers n, we get λ(In) = nλ(I) = ne(I )− ρ(I); so that λ(I) = L(R/I) =
e(I ). It follows that I is invertible [43, Proposition 3.11(b)], a contradiction. We now show
that λ is not a length function on the set of ideals of a 2-dimensional FIL Q-domain.
Clearly, a 2-dimensional Noetherian factorial domain is a FIL Q-domain. For instance,
consider the polynomial ring K[X,Y ], where K is a field. We give two examples.
(a) Set I := (X3,XY ), we have I = (X)(X2, Y ); so that MV(I ) = {(X)}. Then λ(I) =
λ((X)) = L(K(Y )) = 1. Set A := K[X](X) and M = (X)A. Then we have
λ
((
X2, Y
))= L[(K[X]/(X2))
(X)
]= L(A/M)+ L(M/M2)= 2.
It follows that 1 = λ(I) = λ((X)) + λ((X2, Y )) = 1 + 2 = 3.
(b) Let J := (X)(X,Y )2. We have λ(J ) = λ((X)) = 1. Set A := K[X,Y ](X,Y ) and
M := (X,Y )K[X,Y ](X,Y ). Let us compute
 := λ((X,Y )2)= L(A/M2)= L(A/M)+ L(M/M2)= 1 + L(M/M2).
As A is a regular local ring, L(M/M2) is the embedding dimension of A; so that  − 1 =
Dim(A) = 2. Hence,
1 = λ(J ) = λ((X))+ λ((X,Y )2)= 4.
To go further, we need the following result. It extends properties of Dedekind domains. We
examine two-dimensional integrally closed FIL Q-domains.
Lemma 2.8 [18, Theorem 11.8]. Let R be a Noetherian locally factorial domain, and I
an ideal of R. Then I is invertible if and only if ht(P ) = 1 for each P associated to I .
Moreover, an invertible fractional ideal I is uniquely expressible as a finite product of
powers of height-one prime ideals. Besides, RP is a DVR with normalized valuation vP
for each height-one prime ideal P of R.
Proposition 2.9. Let R be a 2-dimensional integral domain.
(1) R is an integrally closed FIL Q-domain if and only if R is Noetherian and locally
factorial. In such a case, R is a Krull domain.
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If (1) is satisfied, each Rx for x ∈ R \ ♥(R) is uniquely expressible as a finite product of
powers of height-one prime ideals.
Proof. Assume that R is an integrally closed FIL Q-domain. Let P be a prime ideal of R.
If ht(P ) = 2, then RP is a 2-dimensional UFD [6, Corollary 6]. A height-one prime ideal
P produces a Dedekind domain RP , whence RP is factorial. Therefore, R is locally facto-
rial. Now, suppose that R is a locally factorial Noetherian domain. Clearly, R is integrally
closed. Let P be a nonzero nonmaximal prime ideal. For each prime ideal Q not con-
taining P , we have that PRQ = RQ is principal. If M ∈ V(P ) is a maximal ideal, then
ht(PRM) = 1. Thus, PRM is principal and RP is a PID. Hence, P is invertible, because
locally principal and of finite type. Therefore, R is a FIL Q-domain by Proposition 2.5.
Next assume that R is a 2-dimensional equicodimensional FIL Q-domain. Each maximal
ideal M is a height-two prime ideal; so that RM is factorial [6, Corollary 6]. Thus, R is
locally factorial. 
We pause here to discuss the situation where a maximal ideal has height one in a 2-
dimensional domain. Consider a Noetherian factorial domain R, containing a height-two
maximal ideal M , and an atom x /∈ M . Then set P = Rx and S = R \ (P ∪M). Then A :=
RS is a 2-dimensional Noetherian factorial domain, whose only maximal ideals are PA,
a height-one prime principal ideal, and MA, a height-two prime ideal. Since the “FIL Q”
property is stable under the formation of rings of quotients, A is an integrally closed FIL
Q-domain, but is not equicodimensional.
Proposition 2.10. Let R be a two-dimensional FIL Q-domain. If R is integrally closed ( for
instance if R is equicodimensional), then  =∑[vP | P ∈ X(1)(R)].
Proof. This is a consequence of Proposition 2.4. We give a direct proof. It follows from
Lemma 2.8 that Ra =∏ni=1 P sii =
⋂n
i=1 P
si
i , where each Pi is invertible (the second equal-
ity comes from [7, Theorem 3]). Then λ(Ra) =∑ si , because MV(Ra) = {P1, . . . ,Pn}; so
that λ(Ra) =∑L(RPi /P sii RPi ). The result follows from the fact that each RPi is a DVR
by Lemma 2.8. 
Example 2.11. From Proposition 2.9, we deduce that a two-dimensional regular domain is
a FIL Q-domain, and hence  is a length function. Observe that for a domain R, the ring
R[X] (respectively RX) is a two-dimensional integrally closed Noetherian Q-domain if
and only if R is a Dedekind domain [6, Theorem 14]. In this case, R[X] and RX are FIL
Q-domains, and hence are locally factorial.
Usually, representations of finite character by a family of one-dimensional local rings
are used for defining some constructions. The next remark shows that we can exhibit length
functions, which are not defined when the local rings of the family are one-dimensional.
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define some other length functions on a local Noetherian domain (A,M), whose Krull
dimension is d > 1 [51]. We will consider the case of the primary ideal M , which was
first established by Samuel. Then there is a degree function δ :M∗ → N, defined by
δ(x) := e(M + xA/xA), the multiplicity of the ideal M + xA/xA of the local ring A/xA.
Moreover, δ(xy) = δ(x) + δ(y) for each pair x, y ∈ M∗. Now if x is a unit, we can set
δ(x) = 0. Notice that if x ∈ M , then δ(x) > 0 since the Krull dimension of A/xA is d − 1,
and δ(x)/(d − 1)! is the dominant coefficient of the Hilbert–Samuel polynomial of A/xA.
Hence, δ is a length function on A∗. The paper by Rees shows that there exist discrete
valuations v1, . . . , vn on the quotient field of A, centered on M , with residue fields of tran-
scendence degree d − 1 over A/M , and integers mi such that δ = m1v1 + · · · + mnvn.
In some cases, we will encounter similar formulas for  in the next section. Now con-
sider a domain admitting a representation of finite character R = ⋂[RP | P ∈ X] (on
X ⊆ Spec(R)), such that RP is Noetherian for each P ∈ X. In other words, R is Σ1-
Noetherian (for instance, see [49]). Setting δP for the degree function on RP if ht(P ) > 1,
we get a length function
δX =
∑[
δP | P ∈ X \X(1)(R)
]+
∑[
eP | P ∈ X ∩X(1)(R)
]
on R.
We may find in [49] examples of Σ1-Noetherian domains. For instance, if R is a two-
dimensional Noetherian domain, then S := R(1) is Σ1-Noetherian, with Krull dimension
 2, and S′ is Noetherian. The preceding remark shows that an integral domain, which
is an intersection of finitely many local Noetherian integral domains, inherits a length
function from degree functions and multiplicities. An example is given by a semilocal
Noetherian integral domain. For instance, we can consider a Noetherian integral domain R,
and incomparable prime ideals P1, . . . ,Pn of R such that R = RP1 ∩ · · · ∩RPn [31, Theo-
rem 105]. It is well known that Noetherian integral domains admit representations of finite
character [31, Theorem 123].
We summarize the preceding observations.
Theorem 2.13. Let R be a Σ1-Noetherian integral domain on X ⊆ Spec(R). Then δX is
a length function on R, which is a linear combination on N of discrete valuations and
multiplicities. In particular R satisfies ACCP, and is a BFD atomic domain.
3. Infra-Krull domains
Section 2 shows that FIL Q-domains are weakly Krull Noetherian domains. In this
section we intend to discuss weakly Krull almost-Noetherian domains. A first goal of this
section is to showing that the class of these domains is exactly the class of infra-Krull
domains introduced by Martin and Zafrullah [34]. An integral domain R is called an infra-
Krull domain if R is weakly Krull and RP is Noetherian for each P ∈ X(1)(R). As observed
in the above paper, infra-Krull domains are Mori domains (satisfying ACC on integral
divisorial ideals). Therefore, an infra-Krull domain is atomic, because ACCP is satisfied.
This will be directly reproved by using length functions, a more precise result, since a
574 G. Picavet, M. Picavet-L’Hermitte / Journal of Algebra 293 (2005) 561–594length function gives an evaluation of the integer for which an increasing sequence stops.
We note here that [34, Lemma 2] provides examples of infra-Krull domains, since every t-
linked overring of an infra-Krull domain is an infra-Krull domain. Clearly, a Krull domain
is an infra-Krull domain. As there exist non-Noetherian Krull domains, we see that infra-
Krull domains are not necessarily Noetherian. The ring R of Example 2.3 shows that there
exist almost-Noetherian domains R which are not weakly Krull, for if not, R is integrally
closed. A Cohen–Macaulay integral domain is weakly Krull [21, Lemma 7.6], whence
infra-Krull. Oda proved that pseudo-Krull domains (PKD) are seminormal, weakly Krull,
and almost-Noetherian [38]. A domain R is a PKD if there exists a family of finite character
{Ri}i∈I of Noetherian pseudo-valuation overrings of R such that R =⋂i∈I Ri .
Proposition 3.1. Let R be a weakly Krull domain, then R is a PIT domain, and each
nonzero prime ideal contains a height-one prime ideal.
Proof. That a weakly Krull domain is a PIT domain can be quickly proved with the help
of the characterization of weakly Krull domains by primary decomposition of principal
ideals. The last statement is a consequence of [31, Theorem 110]. 
The next theorem is a characterization of infra-Krull domains. Since a weakly Krull
domain R has a representation of finite character R =⋂[RP | P ∈ X(1)(R)], we can apply
the theory of ∗-operations (for instance, see [1]): to each nonzero fractional ideal I , we
can associate the fractional ideal I ∗ :=⋂[IRP | P ∈ X(1)(R)]. An integral ideal is called
a ∗-ideal if I ∗ = I . We recall here that the t-operation associated to each integral domain
is defined as follows. For a nonzero fractional ideal I , set Iv = (I−1)−1, which defines
the ∗-operation v. Then the t-operation is defined by It =⋃[Jv | J ⊆ I ], where J varies
over the set of nonzero finitely generated fractional ideals. Each proper integral t-ideal is
contained in a maximal proper t-ideal, which is prime. Then if R is a weakly Krull domain,
X(1)(R) is the set of all maximal t-ideals, which means that the t-dimension of R is 1 [5,
p. 119].
Theorem 3.2. Let R be a weakly Krull domain, with star-operation ∗. The following state-
ments are equivalent:
(1) Each nonzero principal ideal of R has a finite ideal-length;
(2) RP is a Noetherian domain for each P ∈ X(1)(R), or equivalently, R is infra-Krull;
(3) R is almost-Noetherian;
(4) R satisfies ACC on integral ∗-ideals.
It follows that  is a length function on an infra-Krull domain R. It satisfies (x) = λ(Q1)+
· · · + λ(Qn) for x ∈ R \ ♥(R), with primary decomposition Rx = Q1 ∩ · · · ∩ Qn, where
each
√
Qi is a height-one prime ideal.
Proof. An appeal to [9, Theorem 3.1] shows that, for each x ∈ R \♥(R), the ideal Rx has
a primary decomposition, whose associated prime ideals have height one; so that MV(Rx)
is a finite subset of X(1)(R). To complete the proof of (1) ⇔ (2) ⇔ (3), it is enough
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an increasing sequence of integral ∗-ideals. Since R is a PIT domain, I0 is contained in
only finitely many elements P1, . . . ,Pn of X(1)(R). Therefore, In can only be contained
in some Pi ’s. Because each RPi is Noetherian, each sequence {InRPi } stops for n = ni .
If m = max(ni), then {In} stops for n = m, as the ideals In are ∗-ideals. Thus (4) holds.
Conversely, assume that (4) is satisfied. Thanks to [1, Corollary 4.3], RP is Noetherian
for each maximal ∗-ideal P . Now if Q is a height-one prime ideal, then Q∗ = Q by [1,
Theorem 1]; so that Q is contained in some maximal ∗-ideal. Therefore, RQ is Noetherian,
and (2) is proved. We deduce from [13, Proposition 1.2] that λ(Rx) = λ(Q1)+· · ·+λ(Qn),
because the radicals of the primary ideals Qi have height one. 
We next consider the notion of true grade of an ideal, and refer the reader to Northcott’s
book [37, Section 5.5]. For an ideal I of a ring R, we denote by Gr(I ) its true grade and by
gr(I ) its classical grade, noting that gr(I )  Gr(I ), with equality when R is Noetherian.
We intend to characterize infra-Krull domains, as almost-Noetherian domains, satisfying
an additional condition on prime ideals with true grade 1.
Lemma 3.3. Let R be an infra-Krull domain. Then a grade-one prime ideal of R has height
one.
Proof. Consider a grade-one prime ideal P . Let x ∈ P be a nonzero element, then the
elements of P are zero-divisors in R/Rx. Thus, P is contained in the union of some
t-ideals of the form (x) : y, where y /∈ (x). As the t-dimension of R is 1, we get that
there exist height-one prime ideals Py ⊇ (x) : y. Since R is weakly Krull, and x belongs to
each (x) : y, there are finitely many such ideals Py ; so that P is contained in one of them.
It follows that P = Py is a height-one prime ideal. 
Theorem 3.4. Let R be an almost-Noetherian domain. The following statements are equiv-
alent:
(1) R is an infra-Krull domain;
(2) each prime ideal with (true) grade 1 has height one;
(3) each nonzero prime t-ideal has height one;
(4) each P ∈ MV((a) : b) has height one for each a ∈ R \ ♥(R) and b ∈ R.
Proof. Assume that R is an infra-Krull domain, and let P ∈ Spec(R) be such that
Gr(P ) = 1. Then P = 0 implies gr(P ) = 1. By Lemma 3.3, P is a height-one prime ideal.
We show the converse. Let a, b ∈ R be such that b /∈ (a) and a = 0, and P ∈ MV((a) : b),
then Gr(PRP ) = 1 [37, Theorem 5, p. 180]. As Gr(P )  Gr(PRP ) [37, Exercise 10,
p. 158], we get that Gr(P ) = 1. Now define Specass(R) to be the set of all prime ideals
P of R such that P ∈ MV((a) : b) for some a /∈ ♥(R) and some b ∈ R (we delete the
zero prime ideal from the original definition of Specass(R), which makes no difference).
Then X := Specass(R) defines a representation R =⋂[RP | P ∈ X] [41, Proposition 1.7].
Hence each RP is one-dimensional, and the representation is of finite character, since R is
almost-Noetherian. We can conclude that R is infra-Krull. If R is infra-Krull, each nonzero
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the converse, assume that each nonzero prime t-ideal has height one. We use Specass(R)
and Specatt(R) defined in [41]. We claim that an element P of Specass(R) is a t-ideal. In-
deed, P is an element of Specatt(R), and by the very definition of Specatt(R), there is some
a /∈ ♥(R), such that for each finitely generated ideal I ⊆ P , there is some b ∈ R such that
I ⊆ (a) : b ⊆ P . As Pt =⋃ Iv , where I is as above, we deduce from ((a) : b)v = (a) : b
that Pt = P . Hence (3) implies (1), in view of the above proof. 
Thus, an almost-Noetherian domain R is infra-Krull if and only if X(1)(R) contains
Specass(R) (or Specatt(R)). To see this, it is enough to look at the preceding proof. We
can find in [50, Théorème 1], that in a Mori domain R, and in particular an infra-Krull
domain, Specass(R) is the set all prime ideals of the form (a) : b for some nonzero a ∈ R
and some b ∈ R, a well-known property for Noetherian integral domains.
Corollary 3.5. An integral domain R is infra-Krull if and only if R is a Mori domain
such that each nonzero prime t-ideal has height one, and RP is Noetherian for each P ∈
X(1)(R).
Proof. We know that an infra-Krull domain R is Mori, and that RP is Noetherian, if one-
dimensional. The last condition is Theorem 3.4(3). To show the converse, it is enough to
use [27, Theorem 24.5], which asserts that a Mori domain is weakly Krull if and only if
each nonzero prime t-ideal has height one. 
We examine some classes of infra-Krull domains. Notice that an infra-Krull domain R
satisfies ACC on v-ideals, that is, satisfies ACC on divisorial integral ideals, because R
is a Mori domain. Recall that the v-operation is defined by Iv = (I−1)−1. Now let R be
a weakly Krull Mori domain, then the v-operation is the ∗-operation on R if and only
if RP is Gorenstein for each P ∈ X(1)(R) [1, Theorem 5]. In this case, R is infra-Krull.
As Gorenstein implies Cohen–Macaulay, we can change the preceding condition to RP is
Gorenstein for each grade-one prime ideal of R. We next characterize PKDs amongst the
infra-Krull domains. We need the definition of a t-closed domain, which may be found
in [42]. An integral domain R is called t-closed if for each (r, x, y) ∈ R3 such that x3 +
rxy − y2 = 0, there is some t ∈ R such that x = t2 − rt and y = t3 − rt2. Then an integral
domain R, with quotient field K , is t-closed if and only if R → K is t-closed, that is, an
element x ∈ K belongs to R, whenever there is some r ∈ R such that x2−rx, x3−rx2 ∈ R.
Proposition 3.6. Let R be an integral domain. Then R is a pseudo-Krull domain if and
only if R is a t-closed infra-Krull domain.
Proof. Assume that R is a PKD. Then R =⋂Wλ, where each Wλ is a Noetherian PVD.
But a PVD is t-closed [45, Proposition 3.1]. As an intersection of t-closed domains, with
the same quotient field, is t-closed [42, Proposition 1.14], we get that a PKD is infra-
Krull and t-closed. Conversely, assume that R is an infra-Krull t-closed domain. Then
R =⋂[RP | P ∈ X(1)(R)], where RP is a Noetherian domain and the intersection is of
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a PVD [45, Theorem 3.3(2)]. Hence R is a PKD. 
An integral domain R is called weakly factorial if each x /∈ ♥(R) is a (unique) product
of finitely many primary elements associated to (distinct) prime elements (for uniqueness,
see [24, Theorem 1.5]). Such a domain is weakly Krull [7, Corollary 14]. The next lemma
shows that  is a “length function” on FL(R) when R is weakly factorial. Actually,  is a
length function on a weakly factorial domain R if and only if FL(R) = R∗, or equivalently,
RP is Noetherian for each P ∈ X(1)(R). A non-discrete rank-one valuation domain V is
weakly factorial, but is not atomic [7, p. 148]. In view of Theorem 2.1, we recover the fact
that V is not Noetherian.
Lemma 3.7. Let R be an integral domain.
(1) Let q1, . . . , qn be Pi -primary elements of FL(R), where P1, . . . ,Pn are distinct prime
ideals. Then (q1 . . . qn) =∑ni=1 (qi).
(2) Let q and q ′ be P -primary elements of FL(R), where P is a prime ideal. Then qq ′ is
P -primary and (qq ′) = (q)+ (q ′).
Proof. (1) Since Rqi is a principal Pi -primary ideal for each i, then Rq1 . . . qn = Rq1 ∩
· · · ∩ Rqn is a reduced primary decomposition without embedded components [7, The-
orem 3, Corollary 5 and Theorem 4]. It follows that λ(Rq1 . . . qn) =∑i λ(Rqi) by Re-
mark 1.2(b); so that (q1 . . . qn) =∑ni=1 (qi).
(2) qq ′ is P -primary since q and q ′ are [7, Corollary 2]. To complete the proof, use
Remark 1.2(d). 
The length function l, giving the length of a factorization into irreducible elements, is
also defined for an HFD, which is not a UFD. But, for such domains, it cannot coincide
with the length function  defined in Section 2, in view of the observations following
Corollary 2.2. The following example illustrates this situation.
Example 3.8. Let R be a weakly factorial Noetherian HFD, which is not a UFD. There
exists an irreducible element x ∈ R such that Rx is not a prime ideal. But Rx is a primary
ideal; so that (x) > 1. For instance, take R = Z[2j ], where j = (−1 + √−3)/2. Then R
is a weakly factorial Noetherian HFD, whence an infra-Krull HFD. But R is not a UFD,
and 2 is an irreducible and a P -primary element, which is not prime, for the prime ideal
P = 2R + 2jR [46, Example 2, p. 383]. As indicated by the referee, other examples are
R+XC[X] and R +XCX.
4. Extensions of infra-Krull domains
We first show that the “infra-Krull” property is stable under the formation of polynomial
rings. Before that, we need a lemma, which is certainly already known, but we do not know
of any reference. Recall that the Nagata ring A(X) of a ring A is the localization at the
multiplicative subset S of A[X], whose elements are polynomials with content A. If A is
Noetherian, then Dim(A) = Dim(A(X)).
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to the ring A[X]P [X]. It follows that if AP is Noetherian for P ∈ Spec(A), then ht(P ) =
ht(P [X]).
Proof. Consider the flat epimorphism A[X] → AP [X], deduced from A → AP by the
base change A → A[X], and set P e = PAP . Then P e[X] is lying above P [X]. It follows
that A[X]P [X] → AP [X]P e[X] is an isomorphism, because a faithfully flat epimorphism
[33, Lemme 1.2, p. 109]. To conclude, remark that AP [X]P e[X] = AP (X). 
An integral domain R is called a UMT-domain if each nonzero prime ideal Q of R[X],
lying over 0 in R, is a maximal t-ideal. Part (2) of the following lemma generalizes [30,
Theorem 3.7].
Lemma 4.2. Let R be an almost-Noetherian domain with quotient field K .
(1) An element of X(1)(R[X]) is either of the form P [X], where P ∈ X(1)(R), or of the
form N ∩ R[X], where N ∈ Max(K[X]). In the first case, R[X]P [X]  RP (X) is
Noetherian, and in the second case, R[X]N∩R[X]  K[X]N is Noetherian. This family
of localizations is of finite character.
(2) If, in addition, every prime t-ideal of R has height one, then R is a UMT-domain.
Proof. Assume that R is almost-Noetherian, and look at the height-one prime ideals of
R[X]. Lemma 4.1 shows that ht(P [X]) = 1 if ht(P ) = 1. Conversely, let Q be a height-
one prime ideal. In case 0 = Q∩R =: P , P [X] ⊆ Q implies P [X] = Q. Now P contains
a nonzero element x, and
√
Rx is an intersection of finitely many height-one prime ideals;
so that P ⊇ P ′, a height-one prime ideal. It follows easily that P = P ′ is a height-one
prime ideal. In case 0 = Q ∩ R, then Q = R[X] ∩ N , where N is a nonzero height-one
prime ideal of K[X]. As R[X] → K[X] is a flat epimorphism, then R[X]Q → K[X]N is
an isomorphism, as in the proof of Lemma 4.1. Conversely, if N is a height-one prime ideal
of K[X], then R[X]∩N is a height-one prime ideal lying over 0 in R by the above isomor-
phism. Therefore, we have X(1)(R[X]) = X1 ∪X2, where X1 = {P [X] | P ∈ X(1)(R)} and
X2 = {N ∩R[X] | N ∈ Max(K[X])}, and R[X]P [X]  RP (X), R[X]N∩R[X]  K[X]N are
Noetherian. Clearly, a nonzero nonunit f (X) ∈ R[X] belongs to finitely many height-one
prime ideals. Assume that every prime t-ideal has height one. Let Q ∈ Spec(R[X]) be a
nonzero ideal, lying over 0. Then Q ⊆ P [X] for each P ∈ X(1)(R) by the first part of the
proof, whence the content c(Q) ⊆ P for each prime t-ideal P . It follows that c(Q)t = R.
Hence, R is a UMT-domain [30, Theorem 1.4]. 
Theorem 4.3. If R is an infra-Krull domain, then R is a UMT domain, and R[X] is an
infra-Krull domain.
Proof. It is well known that a height-one prime ideal is a t-ideal. Now, if R is a weakly
Krull domain, then a prime t-ideal has height one, because the t-dimension of R is 1,
according to [9, Lemma 2.1]. It follows from Lemma 4.2(2) that the infra-Krull domain
R is a UMT-domain. According to [5, Proposition 4.11], R[X] is a weakly Krull domain.
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Then Theorem 3.2 asserts that R[X] is almost-Noetherian and infra-Krull. 
Remark 4.4. Let R ⊆ S be an extension of integral domains, such that U(S)∩R = U(R).
Obviously, R has a length function when S has a length function. If we consider the length
function  associated to an infra-Krull domain R, we can also consider the length func-
tion ′ on R deduced from the length function on S := R[X]. In fact, these two length
functions are identical. Indeed, for a ∈ R∗, we have (a) =∑[e(aRP ) | P ∈ X(1)(R)] and
′(a) =∑[e(aSQ) | Q ∈ X(1)(S)]. As SQ is a one-dimensional local domain, e(aSQ) =
L(SQ/aSQ) and e(aRP ) = L(RP /aRP ) hold. The consideration of the following prime
ideals is irrelevant in the computation: P ∈ X(1)(R) such that a /∈ P and Q ∈ X(1)(S) such
that a /∈ Q. It follows that each Q containing a is of the form P [X] for some P ∈ X(1)(R),
while P [X] is a height-one prime ideal of S for P ∈ X(1)(R). To see that (a) = ′(a),
it is enough to show that L(RP /aRP ) = L(SP [X]/aSP [X]). But SP [X] is the Nagata ring
RP (X). Then by [43, Définition 2.14(9)], these two lengths are equal.
Next we look at the ascent of the “infra-Krull” property by integral extensions. We
can find in [29, Example 2.10], an example of a 2-dimensional infra-Krull local domain R,
which is not Noetherian. Its integral closure R′ has only two maximal ideals, whose heights
are 2, and its complete integral closure R′′ satisfies R′ ⊂ R′′. We give some information on
the integral closure of an infra-Krull domain. Recall that an extension of domains A ⊆ B
satisfies condition (PDE) if Q ∈ X(1)(B) ⇒ ht(Q ∩ A)  1. The next proposition shows
that the integral closure of an infra-Krull domain is not necessarily a weakly Krull domain.
It is enough to consider the above example R, since R ⊆ R′ satisfies (PDE), because of the
height of maximal ideals of R′. In the following, we set X(1)(R′|R) = {P ′ ∈ Spec(R′) |
P ′ ∩R ∈ X(1)(R)}. We clearly have X(1)(R′|R) ⊆ X(1)(R′).
Proposition 4.5. Let R be an infra-Krull domain, with complete integral closure R′′.
(1) R′′ =⋂[R′P | P ∈ X(1)(R)] =
⋂[R′
P ′ | P ′ ∈ X(1)(R′|R)] is an intersection of DVRs.(2) If R′ is weakly Krull and R → R′ satisfies (PDE), then R′ = R′′, and R′ is a Krull
domain.
In particular, an integrally closed infra-Krull domain is completely integrally closed, and
a Krull domain.
Proof. To prove (1), it is enough to use [29, Lemmas 2.1, 2.2], if we keep in mind that
R′P = (RP )′ = (RP )′′, because RP is Noetherian. Moreover, as RP is a one-dimensional
Noetherian local domain for P ∈ X(1)(R), its integral closure R′P is a Dedekind domain
by the Krull–Akizuki theorem [14, Corollaire 2, p. 31]. We deduce that R′
P ′ = (R′P )P ′R′P
is a DVR, if P ′ is a height-one prime ideal of R′, lying over a height-one prime ideal P
of R. We show (2). In case R′ is weakly Krull and satisfies (PDE), then clearly R′ = R′′,
and then R′ is a finite character intersection of DVRs, whence a Krull domain. 
Oda asserts that the spectral map of R → R′ is a homeomorphism if R is a PKD. This
result is wrong, it is enough to consider the above quoted example [29, Example 2.10],
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PKD, because R is the intersection of a Krull domain with a PVD, and they have the same
quotient field. Now, R → R′ satisfies (PDE) if R is a Noetherian weakly Krull domain
[28, Theorem 2.5]. We do not know whether R → R′ satisfies (PDE) for an arbitrary infra-
Krull domain. As the Andersons [2] observed, for a Krull domain R, f =∑ rP vP is a
length function, where vP is the discrete valuation on RP for P ∈ X(1)(R), and {rP | P ∈
X(1)(R)} is an arbitrary set of positive integers. We show that when each rP = 1, we get
the function . It is well known that the divisor class group Cl(R) of a Krull domain R is
its v-class group. Moreover, x ∈ R \ ♥(R) is an atom if and only if in its v-factorization
Rx = (P1 . . . Pn)v , with each Pi ∈ X(1)(R), noproper subproduct (Pi1 . . . Pim)v is principal
(see [2, p. 219]).
Lemma 4.6. Let R be a Krull domain, and set vR :=∑[vP | P ∈ X(1)(R)], where vP is
the normalized discrete valuation on RP .
(1) The length function  is vR .
(2) Assume, in addition, that R has a torsion divisor class group. For P ∈ X(1)(R), let nP
be the order of the class of P in Cl(R). Then RxP = (P nP )v , where xP is an atom
of R, and (xP ) = nP .
Proof. For x ∈ R \ ♥(R), let Rx = Q1 ∩ · · · ∩ Qn be its primary decomposition, whose
associated prime ideals have height one. We get λ(Rx) = λ(Q1) + · · · + λ(Qn). Now we
have for a P -primary ideal Q, where ht(P ) = 1, the equations λ(Q) = L(RP /QRP ) =
L(RP /xRP ) = vP (x). Then (1) follows easily and (2) is a consequence of [2, Proposi-
tion 1.4]. 
A local Noetherian ring (R,P ) is dominated by a DVR (V ,M) with valuation v
[23, Proposition 0.6.5.8]. Clearly, v induces on R a length function. Now consider an
almost-Noetherian domain R, with quotient field K . For each P ∈ X(1)(R), there is a
DVR V (P ) ⊂ K dominating RP , with normalized valuation vP . Then vR =∑[vP | P ∈
X(1)(R)] is a length function on R, and R′ ⊂⋂[V (P ) | P ∈ X(1)(R)]. We next examine
the case where R → R′ is a finite morphism and R is almost-Noetherian, in order to es-
tablish a link between  and some discrete valuations on K . We need an ideal associated
to each overring S of an integral domain R by Oda [39], namely I = {a ∈ R | Ra = Sa}.
This ideal is radical, contains the conductor of R ⊆ S, and clearly P ∈ DR(I) implies
RP = SP (the converse holds if R → S is a finitely generated algebra). Let R be an almost-
Noetherian domain, and P a height-one prime ideal of R, then RP is a one-dimensional
Noetherian integral domain. From the Krull–Akizuki theorem [14, pp. 30, 31], we deduce
that R′P is a Dedekind domain, and that there are finitely many prime ideals P ′1, . . . ,P ′n in
R′ lying over P . By incomparability of R ⊆ R′, each P ′i has height one, whence R′P ′i is a
DVR. Thus, R′
P ′ is a DVR, with discrete valuation vP ′ for each prime ideal P
′ of R′ such
that P ′ ∈ X(1)(R′|R). We set
w =
∑[[
k(P ′) : k(P ′ ∩R)]vP ′
∣∣ P ′ ∈ X(1)(R′|R)].
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fibers in R′ are finite. Moreover, [k(P ′) : k(P ′ ∩ P)] is finite for P ′ ∈ X(1)(R′|R) by [14,
Proposition 5, p. 30] applied to RP ⊆ R′P .
Theorem 4.7. Let R be an almost-Noetherian domain, with Oda ideal I associated to
R ⊆ R′, and such that R → R′ is finite.
(1) eP (x) =∑[[k(P ′) : k(P )]vP ′(x) | P ′ ∩ R = P ] for each P ∈ X(1)(R) and for each
x ∈ R∗.
(2)  = w|R .
Proof. Assume that the hypotheses of (1) are satisfied. The extension formula for lengths
applied to RP ⊆ R′P states that
µ(x) := LRP (R′P /xR′P ) =
∑[[
k(P ′) : k(P )]vP ′(x)
∣∣ P ′ ∩R = P ]
[36, Theorem 13, p. 168]. Observe that I = 0. We get
µ(x) = λ(xRP )+ LRP (R′P /xR′P )− LRP (RP /xRP ).
Now RP = R′P for P ∈ DR(I); so that µ(x) = eP (x). In case P ∈ VR(I), we write µ(x) =
eP (x)+LRP (R′P /RP )−LRP (xR′P /xRP ) (this makes sense, because both lengths involved
are finite and equal, since R′P /RP is an Artinian RP -module). We find again µ(x) = eP (x).
Hence, the proof of (1) is complete, and (2) follows from Theorem 2.1(a). 
Corollary 4.8. Let R be an infra-Krull domain, with Oda ideal I . Assume, in addition, that
R → R′ is finite, satisfies condition (PDE), and R′ is weakly Krull (equivalently, R′ is a
Krull domain). Let ′ =∑[vP ′ | P ′ ∈ X(1)(R′)] be the length function on R′, where vP ′ is
the normalized valuation on R′
P ′ for each P ′ ∈ X(1)(R′).
(1) ′ and w =∑[[k(P ′) : k(P ′ ∩R)]vP ′ | P ′ ∈ X(1)(R′)] are length functions on R′ such
that ′ w.
(2) If R′ is either the t-closure or the seminormalization of R, then ′ = w.
(3) ′|R   = w|R .
(4) (x) = ′(x) for each x ∈ R \ ♥(R) such that MV(Rx) ∩ V(I ) = ∅. It follows that if
ht(I ) 2, then  = ′|R .
Proof. The definition of ′ by means of valuations is given in Lemma 4.6, and w is defined
on R′, since the residual extensions of R → R′ are finite. Then (1) holds, and (2) is clear,
because the residual extensions are isomorphisms in case R′ is either the t-closure or the
seminormalization of R. Then (3) is a translation of Theorem 4.7. Now (4) is a consequence
of the following. If MV(Rx)∩V(I ) = ∅, then R′
P ′ = RP ′∩R for P ′ ∩R ∈ MV(Rx); so that[k(P ′) : k(P ′ ∩ R)] = 1, and w(x) = ′(x) = (x). In case ht(I ) 2, we have MV(Rx) ∩
V(I ) = ∅ for each nonzero nonunit x. 
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In case R is Cohen–Macaulay, the grade of I is ht(I ) if I = R (equivalently R = R′).
As Geroldinger proved [21, Lemma 7.6], a Cohen–Macaulay integral domain is weakly
Krull, and is clearly almost-Noetherian; so that ht(I ) = 1, and the minimal prime ideals of
I have height one. Set MV(I ) = {P1, . . . ,Pn} if R is a Cohen–Macaulay integral domain,
satisfying the hypotheses of Corollary 4.8. Then w(x) = (x) = ′(x) for x /∈ P1 ∪· · ·∪Pn,
but  = ′|R as soon as there is some P ′ ∈ X(1)(R′) such that [k(P ′) : k(P ′ ∩R)] > 1.
Let A ⊆ B be an extension of integral domains. Then A ⊆ B is called a root extension
if for each b ∈ B there is some integer n such that bn ∈ A. We think useful to outline here a
construction of the root closure R of A in B as follows: R is the union of all A-subalgebras
C of B such that A → C is a composite of finitely many root-elementary extensions of the
type S ⊆ S[t], where tp ∈ S for some integer p. Then R is the smallest subextension such
that R → B is root-closed, that is, b ∈ B belongs to R whenever bn ∈ R for some integer n.
But in general, A ⊆ R is not a root extension. For a more information on the root closure,
the reader may look at [11]. We have in view to fix a wrong result [24, Corollary 4.7],
because in general the set of all b ∈ B such that bn ∈ A for some integer n is not a ring, as
asserted in [24, p. 437]. Moreover, the next proposition is pertinent to [2, Proposition 1.5].
It asserts that for a root extension of integral domains A ⊆ B , where A is endowed with
a length function f , there is a unique semi-length function g on B such that f = g|A (for
x ∈ B such that xn ∈ A, then g(x) = f (xn)/n).
Proposition 4.9. Let R be an integral domain, with quotient field K , and S an overring
of R such that R → S is a root extension, and S → K is root-closed (hence, S is the root
closure of R in K).
(1) If R is weakly Krull, so is S.
(2) If R is infra-Krull, so is S.
In particular, if R ⊆ R′ is a root extension and R is infra-Krull, then R′ is a Krull domain
and  = w|R ; so that w(x) = (xn)/n for x ∈ (R′)∗ such that xn ∈ R.
Proof. It follows from [24, Theorems 3.2 and 4.6] that S is weakly Krull if R is weakly
Krull. Assume that, in addition, R is almost-Noetherian. As R ⊆ S is a root extension,
Spec(S) → Spec(R) is a homeomorphism, because R → S is integral. Thus the spectral
map induces a bijection X(1)(S) → X(1)(R). It follows that SQ is isomorphic to SQ∩R for
Q ∈ X(1)(S). Because RP is Noetherian and one-dimensional, the Krull–Akizuki Theorem
asserts that so is SQ. In case S = R′, then SQ = R′Q∩R is a DVR. To complete the proof,
use Corollary 4.8 and [2, Proposition 1.5]. 
The next result is kindred with Proposition 4.9. In fact, we recover the conclusion of
Corollary 4.8 for a finite root extension.
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is a Krull domain, with torsion divisor class group. Let {vQ | Q ∈ X(1)(S)} be the set of all
essential discrete rank-one valuations of S.
(1) There exists a unique set {rQ | Q ∈ X(1)(S)} of positive real numbers such that (x) =∑
rQvQ(x) for each x ∈ R∗.
(2) There is a set of atoms {xQ | Q ∈ X(1)(S)} of S such that rQ = (xkQ)/knQ, where nQ
is the order of the class of Q in the divisor class group of S, xQSQ = (QSQ)nQ , and k
is such that xkQ ∈ R.
(3) If, in addition, R → S is finite, then rQ = [k(Q) : k(Q∩R)] for each Q ∈ X(1)(S).
Proof. To get the first part, use [2, Corollary 1.6], since a length function is a semi-
length function. Set  =∑ rQvQ. As asserted in the proof of [2, Proposition 1.4], each
xQ ∈ S, such that xQS = (QnQ)v , is an atom, and condition (∗): vQ′(xQ) = nQ′δQQ′ is
satisfied. It follows that (xQ) = nQrQ; so that (xkQ) = knQrQ, which gives (2). In view
of (∗), xQ belongs to only one height-one prime ideal, that is Q, and so does xkQ in R.
It follows that (xkQ) = L(RP /xkQRP ), where P := Q ∩ R. Consider L(SQ/xkQSQ) =
L(SQ/(QSQ)nQk) = nQk. In fact, SQ = SP . Thus, RP → SQ is integral, and moreover,
SQ/RP is an Artinian RP -module. Setting B = SP , RP = A and xkQ = a, we get that
LA(B/aB)− LA(A/aA) = LA(B/A)− LA(aB/aA) = 0. Hence,

(
xkQ
)= LRP
(
SP /x
k
QSP
)= [k(Q) : k(P )]LSQ
(
SQ/Q
nQkSQ
)= [k(Q) : k(P )]nQk
by the extension formula for lengths. It follows that rQ = [k(Q) : k(P )]. 
Remark 4.11. We can apply Proposition 4.10 to the case of a one-dimensional Noetherian
generalized CK domain R. Indeed, R ⊂ R′ is a root extension, R′ is a PID with a zero
divisor class group, and R is weakly factorial. Thus, R is weakly Krull [4, Theorem 6 and
Corollary 5] and [7, Theorem 12 and Corollary 14].
We end this section by descent results and an application to composite rings. If R → S
is a ring morphism, where R and S are almost-Noetherian, we denote by R and S the
canonical associated length functions of R and S. When Q ∈ X(1)(S) is lying over P ∈
X(1)(R), we set µQ = LSQ(SQ/PSQ).
Proposition 4.12. Let f : R → S be a faithfully flat ring morphism between integral do-
mains. If S is almost-Noetherian (respectively weakly Krull, infra-Krull), so is R. In case
S is almost-Noetherian, µQ is finite for each Q ∈ X(1)(S) such that Q∩R = 0. Moreover,
we have for x ∈ R \ ♥(R):
(1) af (MV(Sx)) = MV(Rx) and eQ(x) = µQeQ∩R(x) for Q ∈ MV(Sx).
(2) S(x) =∑[µQeR∩Q(x) | Q ∈ MV(Sx)] R(x).
Proof. Denoting by af the spectral map associated to f , we first observe that MV(Rx) =
af (MV(Sx)) for x /∈ ♥(R). In fact, there is a faithfully flat ring morphism R/Rx → S/Sx,
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S/Sx. Moreover, R/Rx → S/Sx has going-down. Thus, if for each y /∈ ♥(S), MV(Sy)
contains finitely many height-one prime ideals of S, the same property holds for R. This
is a consequence of ht(af (Q)) = 1 if ht(Q) = 1, since f is going-down. First assume that
S is almost-Noetherian, and let P ∈ X(1)(R). Then there is some nonzero x ∈ P ; so that
P can be lifted to a minimal prime ideal Q of Sx. Therefore, Q is a height-one prime
ideal, and SQ is Noetherian. Since RP → SQ is faithfully flat, RP is Noetherian. Thus R is
almost-Noetherian by the above observation. Next assume that S is weakly Krull, and let
x /∈ ♥(R). Then Sf (x) = Q1 ∩ · · · ∩Qn, where Qi is a primary ideal and √Qi is a height-
one prime ideal. The same property holds for Rx = f−1(Sx). It follows that R is weakly
Krull. Assume again that S is almost-Noetherian. If x ∈ R \ ♥(R), then f (x) belongs to
S \ ♥(S) by faithful flatness of R → S. We know that af (MV(Sx)) = MV(Rx); so that
P := Q ∩ R ∈ MV(Rx) for Q ∈ MV(Sx). Next observe that RP /xRP → SQ/xSQ is a
local faithfully flat ring morphism between Noetherian local rings, whose maximal ideals
are minimal. We are in position to apply [23, Corollaire 6.6.5, p. 153]. We deduce that
L(RP /xRP )LSQ/xSQ
[
(SQ/xSQ)/(PSQ/xSQ)
]= L(SQ/xSQ)
(choose A = RP /xRP , B = SQ/xSQ, and M = A in [23, Corollaire 6.6.5, p. 153]). Let A
be a ring and I ⊆ J be ideals of A, it is well known that there is an isomorphism of A/I -
modules A/J → (A/I)/(J/I). It follows that µQ = LSQ/xSQ [(SQ/xSQ)/(PSQ/xSQ)];
so that eQ(x) = µQeP (x). Hence, µQ is finite for a height-one prime ideal Q of S such
that Q ∩ R = 0, because it is enough to choose some nonzero x ∈ Q ∩ R. Therefore, (1)
holds. To get (2), observe that
S(x) =
∑[
eQ(x) | Q ∈ MV(Sx)
]=
∑[
µQeR∩Q(x) | Q ∈ MV(Sx)
]
,
R(x) =
∑[
eP (x) | P ∈ MV(Rx)
]
,
and that af (MV(Sx)) = MV(Rx). 
If we assume, in addition, that the faithfully flat ring morphism in Proposition 4.12 is
prime-producing, that is, PS is a prime ideal of S for each P ∈ Spec(R), then in case S
is almost-Noetherian, we get that R(x) = S(x) for x ∈ R∗, because µQ = 1. This is the
case for R → R[X].
Proposition 4.13. Let A ⊆ B be an extension of integral domains, whose quotient fields are
denoted respectively by K and L, and where B is infra-Krull. Assume that the condition
B ∩ K = A is satisfied ( for instance, if A → B is faithfully flat). Then the composite
domain R = A + XB[X] is infra-Krull if and only if A ⊆ B is an essential extension of
rings, and [L : K] < ∞. Under these conditions, we have for r ∈ R∗ the equation R(r) =
B[X](r) + ([L : K] − 1)vX(r), where vX is the discrete valuation on L[X] associated to
the atom X of L[X].
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B[X] is a Mori domain. We deduce that R := A + XB[X] is a Mori domain from [17,
Proposition 4.1]. We recall that on a Mori domain the t-operation and the v-operation
coincide. Hence, a t-ideal is nothing but a divisorial ideal. Assume that R is weakly
Krull, then I = XB[X] is a height-one prime ideal, because MV(RX) = {XB[X]}, and
R is a PIT domain by Proposition 3.1. By [20, Lemma 1.3], ht(XB[X]) = 1 is equiv-
alent to B ⊗A K = L. Let b be a nonzero element of B , then 1/b = b′/s for some
nonzero s ∈ A and b′ ∈ B so that b′b ∈ A∗. It follows that A ⊆ B is essential if and
only if ht(XB[X]) = 1. If we suppose that R is infra-Krull, then RI is a Noetherian
ring. In this case, IRI is a finitely generated ideal of RI . Let {Xb1(X)/1, . . . ,Xbn(X)/1}
be a system of generators of IRI , and let b ∈ B . From Xb ∈ IRI , we deduce that
(s + Xc(X))Xb = r1Xb1(X) + · · · + rnXbn(X) where s ∈ A∗ and ri ∈ R. Cancelling X,
and then replacing X with 0 give sb ∈∑Abi(0); so that B ⊆∑Kbi(0). Because A ⊆ B
is essential, we get that L =∑Kbi(0), and [L : K] is finite. At this point, we have proved
that if R is infra-Krull, then A ⊆ B is essential, and [L : K] is finite. Conversely, if
these conditions are satisfied, then I is a height-one prime ideal, and RI is Noetherian.
Indeed, because [L : K] is finite, K + XL[X] is a Noetherian ring (see either [15, The-
orem 5] or [40, Proposition 6.1]). Setting S := A∗, we get that RI = (AS + XBS[X])J ,
where J is the extension of I by [40, Proposition 1.8]. But AS = K and BS = L, whence
RI is Noetherian. Notice that J = XL[X]. Since R is Mori, R is weakly Krull if each
nonzero prime t-ideal has height one [27, Theorem 24.5]. Let P be a nonzero prime
t-ideal of R, then there are u,v ∈ R such that P = (u) :R (v), because R is Mori [50,
Théorème 1]. We have clearly P = (u) :B[X] (v) ∩ R; so that R/P → B[X]/(u) :B[X] (v)
is injective. It follows that there is Q ∈ MV((u) :B[X] (v)) lying over P . But such a
prime ideal Q of B[X] is a prime t-ideal by [50, Théorème 1]. Suppose that I ⊆ P ,
then RP → B[X]Q is an isomorphism. As B[X] is infra-Krull, B[X]Q is Noetherian,
and ht(Q) = 1, from which it follows that ht(P ) = 1, and RP is Noetherian. Now if
I ⊆ P , we get that I ⊆ Q. Since B[X] is infra-Krull, ht(Q) = 1, whence Q = I = P .
By the above result, ht(P ) = 1 and RP is Noetherian. It follows from Corollary 3.5 that
R is infra-Krull. Let us compute the length function in case R is infra-Krull. We have
R(r) =∑[eP (r) | P ∈ X(1)(R) \ {I }] + eI (r) for r ∈ R∗, because we proved above that
the height-one prime ideals are the height-one prime ideals P ∈ DR(I) together with I .
The first part of the sum equals
∑[eQ(r) | Q ∈ X(1)(S) \ {I }], because of the bijection
DB[X](I ) → DR(I), defined by Q → Q ∩ R, and the isomorphism RQ∩R → B[X]Q
for Q ∈ D(I ). Next consider eI (r) = L[(K + XL[X])J /r(K + XL[X])J ], where J =
XL[X], and r is the image of r through the natural extension R ⊆ K + L[X]. Thus
it is enough to compute eI (r) = eJ (r) with respect to K + XL[X]. Now observe that
K + XL[X] ⊆ L[X] defines the integral closure of K + XL[X], and that the associ-
ated morphism is finite. As K + XL[X] and L[X] are one-dimensional, the extension
S := (K +XL[X])J ⊆ L[X]J =: T is finite, is an integral closure morphism, and satisfies
condition (PDE). Hence we can apply Corollary 4.8(3). As JL[X]J is the only height-one
prime ideal of L[X]J , we get eJ (r) = [kT (J ) : kS(J )]vX(r) = [L : K]vX(r). To sum up,
we have R(r) = B[X](r)+ ([L : K] − 1)vX(r). 
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domains A ⊆ B if B is infra-Krull. Notice that A is then infra-Krull by the above descent
result.
5. Elasticity and the length function
In [2], D.D. Anderson and D.F. Anderson give the following definitions and provide
bounds on elasticity. We use their results to exhibit new examples by using the length func-
tion , and another counterexample to a conjecture. See also a paper by Halter–Koch [26],
where the elasticity of a one-dimensional Noetherian domain, whose integral closure is a
PID, is estimated by means of some special semi-length function.
Definition 5.1. Let f be a length function defined on an atomic domain R. We define
M∗(R,f ) = sup{f (x) | x ∈ R is irreducible, but not prime }, and m∗(R,f ) = inf{f (x) |
x ∈ R is irreducible, but not prime}. We set M∗ = M∗(R, ) and m∗ = m∗(R, ) (respec-
tively M∗P = M∗(RP , P ) and m∗P = m∗(RP , P ) for P ∈ X(1)(R)).
Proposition 5.2. If R is an almost-Noetherian integral domain, then m∗ is finite, 2 
m∗ M∗, and the elasticity ρ(R) satisfies:
(1) ρ(R)M∗/m∗.
(2) ρ(R) |Clt (R)| sup{ρ(RP ) | P ∈ X(1)(R)} if R is infra-Krull.
Proof. The first statement is a consequence of Corollary 2.2(3). To prove (1), it is enough
to use [2, Theorem 2.1]. Then (2) is a consequence of [2, Theorem 2.14], because a weakly
Krull almost-Noetherian domain is atomic. 
In [2], the authors give examples of integral domains R, whose elasticity is equal to
M∗(R,f )/m∗(R,f ) for some special length function f . We consider here different situa-
tions, where equality holds for . The reader is referred to [8, Theorem 3.1, Lemma 4.1 and
Theorem 4.3] for the following main properties of CK domains. Let R be a CK domain
with integral closure R′. Then R is a one-dimensional semilocal Noetherian domain such
that R′ is a PID, |Max(R)| = |Max(R′)|, U(R′)/U(R) is a finite group, R′ is a finitely
generated R-module, and R ⊆ R′ is a root extension.
Proposition 5.3. Let (R,P ) be a non-integrally closed local CK domain, with integral
closure (R′, (p)) and conductor f (of R′ in R). Then ρ(R) is finite, and ρ(R) = M∗/m∗.
Proof. Since a CK domain is one-dimensional, and R is not integrally closed, no irre-
ducible element of R is prime. We know that R ⊆ R′ is a root extension. Moreover,
R is a weakly Krull almost-Noetherian domain, R′ is a Krull domain with torsion divi-
sor class group, and R ⊆ R′ is finite. We deduce from Corollary 4.8(3) that  = rv, where
r = [R′/(p) : R/P ] and v is the valuation on R′. It follows that each x ∈ R \♥(R) is of the
form upk , with u ∈ U(R′); so that (x) = rk. Set f = R′pc, c ∈ N∗. Each y ∈ f2 = R′p2c
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ducible, and M∗ < 2rc is finite. Set α = m∗/r and β = M∗/r , then α  β . There exist
u,v ∈ U(R′) such that z = upα and t = vpβ are irreducible in R. Set s = |U(R′)/U(R)|;
so that us and vs ∈ U(R). Then zsβ = usβpsβα and t sα = vsαpsαβ are associates in R
since usβ and vsα ∈ U(R). It follows that ρ(zsβ)  (sβ)/(sα) = β/α = M∗/m∗. But
ρ(zsβ) ρ(R)M∗/m∗ by [2, Theorem 2.1]. Therefore, ρ(R) = M∗/m∗ is proved. 
Remark 5.4. Denote by Λ the set of all k ∈ N such that upk is an atom of R for some
u ∈ U(R′). Then M∗ = [R′/(p) : R/P ] sup{k ∈ Λ} is finite, and m∗ = [R′/(p) : R/P ] ·
inf{k ∈ Λ}, in view of the above proof.
Corollary 5.5. Let (R,M) be a non-integrally closed local CK domain, with integral clo-
sure (R′,R′p), whose conductor (of R′ in R) is f.
(1) If MR′ = plR′ and f = pcR′, then ρ(R) 1 + (c − 1)/ l.
(2) Suppose that f = M = pcR′. Then ρ(R) = 2 − 1/c.
Proof. As in the proof of Proposition 5.3, no irreducible element of R is prime. We set r =
[R′/(p) : R/P ]. (1) Each element y ∈ R \♥(R) is of the form y = vpk, v ∈ U(R′), k ∈ N.
If k < l, then MR′ ⊇ R′pl−1 is a contradiction; so that y ∈ M implies k  l. Hence, there
exists u ∈ U(R′) such that x = upl ∈ M , since MR′ = plR′. Moreover, x is an irreducible
element of R, because it cannot be written as a product of two elements of M . So, m∗ = rl
by Remark 5.4. Consider z = vpl+k, v ∈ U(R′), k  c. Since z = (upl)(vu−1pk), with
vu−1pk ∈ R, we get that z is not an irreducible element of R. It follows that M∗  r(l +
c − 1). Proposition 5.3 gives then that ρ(R)  (l + c − 1)/ l = 1 + (c − 1)/ l. (2) In this
case, it is enough to read [8, Corollary 5.6] stating that irreducible elements of R are the
upi ’s, where i = c, c+ 1, . . . ,2c− 1, and u ∈ U(R′). Then, m∗ = rc and M∗ = r(2c− 1);
so that ρ(R) = 2 − 1/c. 
We offer another examples of non-integrally closed integral domains R such that
ρ(R) = M∗/m∗, within the context of weakly factorial quadratic orders.
Proposition 5.6. Let R be a non-integrally closed weakly factorial quadratic order, with
conductor f. Then ρ(R) = M∗/m∗.
Proof. Since R is weakly factorial, R′ is a PID [7, Theorem 12], and we have ρ(R) =
sup{ρ(RP ) | P ∈ X(1)(R)} [2, Corollary 2.15]. Moreover, atoms of R are primary, and
there is a bijection between the set of all P -primary atoms of R and the set of all atoms
of RP for each P ∈ X(1)(R) [47, Proposition 1.4]. It follows that (x) = P (x) for a P -
primary atom x ∈ R, and then M∗ = sup{M∗P | P ∈ X(1)(R)} and m∗ = inf{m∗P | P ∈
X(1)(R)}, since there is a nonprime atom in R. Recall the following results for a quadratic
order R from [47, p. 178]. For P ∈ X(1)(R), set pZ := P ∩Z, S := Z \pZ, and A := ZS .
Then, there exists n ∈ N such that RP = A[pnω], where ω defines R′ = Z[ω] as the integral
closure of R. Moreover, p is a nonprime atom in RP for each P ⊇ f [47, Proposition 3.2].
Now if P ∈ X(1)(R) is such that f ⊆ P , then RP is a DVR, because isomorphic to R′ .P
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Corollary 4]. Pick some P ∈ X(1)(R) lying under two prime ideals P1 and P2 of R′. Then
p defined by pZ = P ∩ Z is decomposed in R′. Set p = p1p2, with pi ∈ R′ irreducible in
R′ and in R′P for i = 1,2. Then we have PiR′P = piR′P , for i = 1,2, since R′P is a PID.
By [47, Proposition 3.4], we know that for any k ∈ N∗ there are irreducible elements of
RP of the form pn1p
n+k
2 . At this point, we can apply Corollary 4.8(3) to RP ⊆ R′P , observ-
ing that R/P  R′/Pi , since p is decomposed. This entails that R′P /PiR′P  RP /PRP ,
from which it follows that lP (pn1p
n+k
2 ) = 2n + k; so that M∗P  2n + k for any k ∈ N∗,
and M∗ = ∞. Therefore, we have M∗/m∗ = ∞. Assume now that Spec(R′) → Spec(R)
is bijective. Then R is a generalized CK domain [46, Theorem 2], and RP is a local CK
domain for each P ∈ X(1)(R). For each P ∈ V(f), let p be the prime integer such that
pZ = R∩P . If p is inert, then m∗P = P (p) = [R′/P ′ : R/P ] = 2, where P ′ ∈ X(1)(R′) is
lying over P , since p is prime in R′. If p is ramified, then m∗P = P (p) = 2 [47, Proposi-
tion 3.3], since p ∼ p′2 in R′, where p′ is a prime element in R′. Then we get m∗P = 2, and
hence m∗ = 2. Since R is a generalized CK domain, almost all atoms of R are prime [4].
It follows that there are only finitely many P ∈ X(1)(R) avoiding all the prime elements.
Then
M∗/m∗ = M∗/2 = sup{M∗P /2 | P ∈ X(1)(R)
}= sup{M∗P /m∗P | P ∈ X(1)(R)
}
= sup{ρ(RP ) | P ∈ X(1)(R)
}= ρ(R),
since ρ(RP ) = M∗P /m∗P by Proposition 5.3. 
Proposition 5.7. Let R be an almost-Noetherian domain.
(1) If there exists some integer k > 0, such that (x) = k for each nonprime atom x ∈ R,
then R is an HFD.
(2) The converse holds in the following cases:
(a) R is a Krull HFD such that each nonzero divisor class contains a prime ideal. In
this case, k = 2.
(b) (R,P ) is a local HFD Cohen–Kaplansky domain, with integral closure (R′, (p)).
In this case, k = [R′/(p) : R/P ].
(c) R is a weakly factorial quadratic order, and an HFD. In this case, k = 2.
Proof. (1) Since R is atomic,  is a length function, and M∗ = m∗ = k. We get ρ(R) = 1
by [2, Theorem 2.1], and R is an HFD.
(2) Assume that R is an HFD. In case (a), an appeal to [2, Corollary 2.3(c)] shows
that |Cl(R)|  2. This implies that a nonprime atom x of R satisfies Rx = (PQ)v ,
where P,Q ∈ X(1)(R). If P = Q, we get xRP = PRP and xRQ = QRQ; so that
(x) = 1 + 1 = 2. If P = Q, we get xRP = P 2RP , and hence (x) = 2. Assume that the
hypotheses of (b) hold. We know that the atoms of R are of the form up, where u ∈ U(R′)
when R = R′. It follows that (up) = [R′/(p) : R/P ]. In case (c), set R = Z[mω], where
m > 0 is an integer. For each P ∈ X(1)(R), we know that RP = A[pnω], where p is a
prime integer dividing m (see Proposition 5.6), and that RP is an HFD [2, Corollary 2.15].
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an HFD only if p is inert and n = 1 [47, Propositions 4.2–4.4]. Then RP is a CK domain,
and we can use case (b). It follows that k = [k((p)) : k(P )] = 2. 
There exist almost-Noetherian HFDs such that the lengths of two nonprime atoms may
be different. We will give an example in the remark following Example 5.8, because it
uses it. It may be asked whether arbitrary nonlocal weakly factorial domains R satisfy
ρ(R) = M∗/m∗. Since we have ρ(R) = sup{ρ(RP ) | P ∈ X(1)(R)} and ρ(RP ) = M∗P /m∗P
by Proposition 5.3, it is enough to find a weakly factorial domain R such that M∗/m∗ >
sup{M∗P /m∗P | P ∈ X(1)(R)}. The following example shows that the answer is negative.
Example 5.8. We use an example of [53, Example 1, p. 251]. Let K := Q(t) be the cubic
field, where t is a root of the irreducible polynomial f (X) = X3 − X − 1. Then 23 is
a ramified prime, and 2 is an inert prime. If OK is the ring of integers of K , there are
maximal ideals p,q1,q2 in OK such that p = 2OK and q21q2 = 23OK . Moreover,
[OK/p : Z/2Z] = 3, and [OK/qi : Z/23Z] = 1 for i = 1,2.
Set S := Z \ (23Z ∪ 2Z) and A := ZS . Then (OK)S is a semilocal PID [54, Theorem 16,
p. 278], and its maximal (principal) ideals are P ′ := 2(OK)S and Q′i := qi(OK)S =
qi (OK)S for i = 1,2 such that q21q2 and 23 are associates in (OK)S . Setting I := P ′2Q′12,
we consider the integral domain R := A+ I , whose integral closure is R′ := (OK)S . Then
R is a CK domain, with |Max(R)| = 3 [8, Theorem 4.3(8)]. We set Q2 := Q′2 ∩ R, P :=
P ′ ∩R and Q1 := Q′1 ∩R. Then P and Q1 are the two maximal ideals of R containing I .
Moreover, we have Q1 = Q′12 ∩R, because 23 ∈ A∩Q′12 gives A+Q′12/Q′12  Z/23Z,
and then Q′1
2 is a maximal ideal in A + Q′12 ⊇ R. As I is contained in the conductor of
R and Q2 is comaximal with I , we get that RQ2 is isomorphic to the DVR R′Q′2 . Since R
is a weakly factorial domain [4, Corollary 5], and RQ2 is a DVR, M∗ = sup{M∗P ,M∗Q1}
and m∗ = inf{m∗P ,m∗Q1} [47, Proposition 1.4]. Proposition 5.3 gives ρ(RP ) = M∗P /m∗P ,
and ρ(RQ1) = M∗Q1/m∗Q1 , because RP and RQ1 are CK domains [8, Theorem 2.1(3)]. It
follows that ρ(R) = sup{M∗P /m∗P ,M∗Q1/m∗Q1}.
Values of M∗Q1 and m∗Q1 . We first observe that R′Q1  R′Q′1 , because
Spec(R′) → Spec(R)
is bijective as R is a CK domain. Consequently, RQ1 is non-integrally closed; for if not,
Q1RQ1 ⊆ Q′12R′Q1 implies that Q′1 is idempotent. We deduce from Remark 5.4 that
M∗Q1 = sup{k ∈ N | ∃u ∈ U(R′Q′1) such that uq
k
1 is an atom of RQ1}, because [OK/q1 :
R/Q1] = 1, and similarly for m∗Q1 . We assert that q21 ∈ Q1 = Q′1
2 ∩ R is irreducible in
RQ1 . Deny, there exist x, y ∈ Q1RQ1 such that q21 = xy. Then x, y ∈ Q1RQ1 ⊆ Q′12R′Q1 =
q21R
′
Q1 implies q41 divides q
2
1 in R
′
Q1 , a contradiction. It follows that m∗Q1 = 2. As aq41 is
not an atom of RQ1 for each a ∈ R′ ′ , we get M∗Q < 4. We have 23q1 = uq31 , u ∈ U(R′Q ),Q1 1 1
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we have 23q1 = xy, with x, y ∈ q21R′Q1 ; so that q41 divides 23q1 in R′Q1 , a contradiction.
Then 23q1 is irreducible, and M∗Q1 = 3. It follows that ρ(RQ1) = 3/2.
Values of M∗P and m∗P . We will use the same observation as in the preceding paragraph
for these two computations, since RP is not integrally closed, a statement we next prove.
Consider the extensions of domains R = A + I ⊆ A + P ′ ⊆ R′. Then P ′ is a common
ideal of A+ P ′ and R′, and is maximal in A+ P ′. Hence, the conductor of A+ P ′ is P ′.
It follows that the conductor of R is contained in P ′ ∩ R = P . As R → R′ is finite, the
conductor of RP is contained in PRP , from which we deduce that RP is not integrally
closed. From I ⊆ P , we easily infer that P = 2A + I . Observe also that R′P = R′P ′ . We
know that p is a prime ideal of OK , and hence, so are P ′ = 2R′ and 2R′P . Moreover,
PRP = RP ∩ 2R′P contains 2. We claim that 2 is irreducible in RP . In fact, 2 is prime
in R′, from which it follows that 2 is an atom of R since U(R′) ∩ R = U(R). The claim
is then a consequence of the weak factoriality of R [47, Proposition 1.4]. It follows that
the length of 2 in RP is [R′P /2R′P : RP /(2R′P ∩ RP )] = [OK/p : Z/2Z] = 3. This gives
m∗P = 3, since any atom of RP is in 2R′P . Set T := RP +P ′R′P and P ′′ := P ′R′P , which is
the conductor of T ⊂ R′P . Indeed, we have on one hand, T/P ′′  RP /PRP = R/P , and on
the other hand, an extension R/P ↪→ (A+P ′)/P ′  Z/2Z. It follows that T/P ′′  Z/2Z,
while [R′P /2R′P : Z/2Z] = 3. We also get that P ′′ is the maximal ideal of T , and that T is
t-closed since T/P ′′  R/P . Actually, T is the t-closure of RP (see [42]). Set m := PRP ,
the maximal ideal of RP . We have m ⊂ P ′′ = 2R′P . Assume the contrary. In this case,
for each a ∈ R′P , there exist b ∈ A, c ∈ R′, and s ∈ R \ P such that 2a = 2b/s + 4c/s,
because P = 2A+ I and I ⊆ 4R′. Hence we get a = b/s + 2c/s ∈ RP + 2R′P = T , which
contradicts T = R′P . At last, P ′′2 ⊆ P ′R′P ∩RP = m. It follows that the extension RP ⊆ T
is ramified because P ′′2 ⊆ m ⊂ P ′′ (see [46, p. 366]). Then T is the t-closure of RP ,
and RP is not an HFD by [46, Proposition 18]. But RP is a CK domain. In view of [8,
Theorem 6.3(3)], there exists an irreducible element x ∈ RP , which is not an associate of 2
in R′P . Then x ∈ 4R′P , and its length in RP is  2[R′P /2R′P : RP /PRP ] = 6. So M∗P  6.
If x ∈ 23R′P , we can write x = 2 · 22y, where y ∈ R′P , 2 ∈ RP and 22y ∈ P ′2R′P ⊆ PRP ,
which is absurd. Thus x is irreducible in RP , and is not an associate of 2 in R′P if and only
if x ∈ P ′2R′P \ P ′3R′P , and in this case, the length of x is 2 · 3 = 6 in RP . It follows that
M∗P = 6, and ρ(RP ) = 6/3 = 2. Therefore, we get ρ(R) = sup{3/2,2} = 2. But M∗ =
sup{6,3} = 6 and m∗ = inf{3,2} = 2; so that 2 = ρ(R) < M∗/m∗ = 6/2 = 3.
Remark. In Example 5.8, the prime integer 5 has the following decomposition 5OK =
m1m2 in OK , where [OK/m1 : Z/5Z] = 2 and [OK/m2 : Z/5Z] = 1. Set T := Z \ (2Z ∪
5Z), then T is a multiplicative subset, and consider the integral domains B := ZT and C :=
B + pm1(OK)T . Then C is a CK domain with 3 maximal ideals p′ = (pOK)T ∩ C, m′1 =
(m1OK)T ∩ C, and m′2 = (m2OK)T ∩ C. Moreover, C is t-closed, whence an HFD [46,
Theorem 4]. It follows that Cp′ and Cm′1 are local HFDs. In view of Proposition 5.7(2)(b),
any nonprime atom of Cp′ has length 3, while any nonprime atom of Cm′1 has length 2. At
last, Cm′ is a DVR, since m′ does not contain the conductor of C ⊆ (OK)T . Because C2 2
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equal to either 2 or 3.
As we have just seen, the elasticity of an integral domain R and the elasticities of in-
tegral domains RP for P ∈ X(1)(R) are related. This relationship has been intensively
studied in [2], where the authors present the following conjecture [2, p. 231].
Conjecture. If R is an atomic weakly Krull domain, then
1 ρ(R)max
{∣∣Clt (R)
∣∣/2,1
}
sup
{
ρ(RP )
∣∣ P ∈ X(1)(R)}.
Two counterexamples are known [10, p. 19] and [25, Example, p. 384]. Since this
conjecture is verified for an atomic weakly factorial domain, we are going to consider a
nonweakly factorial atomic domain, in order to give a new counterexample. The reader
will see that the next proof does not use length. We will need the results of the following
lemma.
Lemma 5.9. Let R be a nonmaximal order of a number field, with integral closure R′
and conductor I (of R ⊆ R′). Let x ∈ R \ ♥(R) be such that x is coprime with I , that is,
R = Rx + I .
(1) Rx is (in a unique way) a product ∏ni=1 Pαii of prime ideals of R, coprime with I .
(2) x is an atom of R if and only if no proper subproduct of ∏ni=1 Pαii is a principal ideal.
Proof. Denote by II (R) (respectively II (R′)) the set of all ideals in R (respectively in
R′) coprime with I . Then there is a monoid isomorphism ϕ :II (R′) → II (R), defined by
ϕ(J ) = JR′ and ϕ−1(J ′) = J ′ ∩R [16, p. 81]. As ϕ(DR(I)) = DR′(I ), any ideal in II (R)
is in a unique way a product of maximal ideals of R, coprime with I . This proves (1) with
Rx =∏ni=1 Pαii . Assume that x is not an atom. There exist nonunits y, z ∈ R such that
x = yz; so that y and z are coprime with I . Set y =∏ni=1 Pβii and z =
∏n
i=1 P
γi
i , where
either some βi or some γi may be zero. In this case,
∏n
i=1 P
αi
i has a principal subproduct.
Conversely, if
∏n
i=1 P
αi
i has a proper principal subproduct Ry, it follows that x = yz,
where y, z are nonunits, and x is not an atom. 
Example 5.10. We use an example of [46, Example 1, p. 376]. Consider the number field
K := Q(√−2), whose ring of integers is the PID OK := Z[
√−2]. Then 5 is inert in OK .
Set R := Z[5√−2]. Its integral closure is R′ :=OK , and the conductor of R is I := 5R′,
a maximal ideal of R and R′. It follows that R is a t-closed order [44, Theorem 3.4], and
so is RP for each P ∈ X(1)(R). Then RP is a DVR for P = I , and an HFD for P = I [46,
Proposition 15] and [8, Proposition 6.2]. Consequently, ρ(RP ) = 1 for each P ∈ X(1)(R)
gives sup{ρ(RP ) | P ∈ X(1)(R)} = 1, since R is a one-dimensional domain.
Value of |Clt (R)|. Since R is a one-dimensional domain, Clt (R) = Pic(R) holds, and
|Pic(R′)| = 1, because R′ is a PID. Now U(R′) = U(R) = {−1,1} gives |U(R′)/U(R)| = 1.
Some bases of the Z-modules R′,R, and I are respectively {1,√−2}, {1,5√−2}, and
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|U(R′/I)| = 24 and |U(R/I)| = 4. The class-number formula asserts that |Clt (R)| =
|Pic(R)| = |Pic(R′)||U(R′)/U(R)|−1| U(R′/I)/U(R/I)| = 6 [35, Theorem 12.12]. Then
max{|Clt (R)|/2,1} sup{ρ(RP ) | P ∈ X(1)(R)} = 3.
Value of ρ(R). From |Pic(R)| = 6, and since Pic(R) is an abelian group, we deduce
that Pic(R)  Z/6Z, a finite cyclic group, whose generator has order 6. This generator in
Pic(R) is the class of a maximal ideal P of R, comaximal with I [48, Theorem 2.6],
and such that P 6 is a principal ideal generated by an irreducible element x ∈ R by
Lemma 5.8. Moreover, R′P = R′p is a maximal ideal, because P is comaximal with
the conductor I of R. It follows that R′P 6 = R′p6 = R′x. We can choose x = p6 since
U(R′) = U(R) = {−1,1}. Now if pk ∈ R, where k is an integer such that 0 < k < 6,
we get R′pk = P kR′ = (Rpk)R′. By using the isomorphism ϕ : II (R) → II (R′) intro-
duced in the proof of Lemma 5.8, we get P k = Rpk , which leads to a contradiction.
So, 6 is the least integer k > 0 such that pk ∈ R. There exists a maximal ideal Q of R,
comaximal with I , and such that PQ is a principal ideal of R (the class of Q is the in-
verse of the class of P ). Moreover, PQ is generated by an irreducible element z ∈ R by
Lemma 5.9, and Q6 is a principal ideal generated by an atom y ∈ R. As for P , we get
that R′Q = R′q is a maximal ideal of R′ with y = q6. But (R′P)(R′Q) = R′z = R′pq
gives z = ±pq . Since 5 ∈ I , the conductor of R, we have 5p5 ∈ R, with 5 irreducible
in R. Assume that 5p5 is not an atom of R. There exist two nonunits a, b ∈ R such
that ab = 5p5. But equality holds in R′, which is a PID, and 5 is a prime element
of R′. By the uniqueness of factorizations in R′, we have, for instance, a = ±5pk and
b = ±p5−k ∈ R, but p5−k /∈ R if 0  k < 5 so that b = ±1, and 5p5 is an irreducible
element of R. Similarly, 5q5 is an atom of R. Then we get in R the factorizations
52z5 = ±(5p5)(5q5), with 52z5 a product of seven atoms of R, and (5p5)(5q5), a prod-
uct of two atoms of R. It follows that ρ(52z5)  7/2, and ρ(R)  ρ(52z5)  7/2 > 3;
so that ρ(R) > max{|Clt (R)|/2,1} sup{ρ(RP ) | P ∈ X(1)(R)} = 3. This contradicts the
conjecture of [2, p. 231].
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